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ABSTRACT

A variety of techniques are available for estimating the states of
non-linear dynamic systems from noisy data. These procedures are gen-
erally equivalent when applied to linear systems. This dissertation
investigates the difference between several of these procedures in the
presence of small dynamic and observational non-linearities.

Four discrete estimation algorithms are analyzed. The first is a
strictly least square estimator, while the other three are recursive
algorithms similar to the Kalman filter used for estimating the states
of linear systems. The product of this research is a group of analytic
expressions for the mean and covariance of the error in each of these
estimators so that they may be compared without lengthy Monte-Carlo
simulations.

The covariance expressions show that, to first order, all the esti-
mators have the same covariance. Expressions for the means, however,
show that each estimator has a different bias. Several examples are
carried out demonstrating that the relative magnitudes of the bias errors
in the various estimators can be a strong function of such parameters
as initial covariances and number of data points being considered. In
fact, under some circumstances it appears that more complicated (seemingly

superior) algorithms can have larger biases than smaller ones.
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1. INTRODUCTION

1.1 Statement of the Problem

In the last decade, much attention has been focused on the problem
of extracting information about a system from noisy measurement data.
Work in the area of state estimation for linear dynamic systems has
yielded especially useful results, producing a good understanding of
the overall problem as well as effective general purpose procedures for
processing noisy data from such systems. Comparable results have not
been obtained for broad classes of non-linear dynamic systems, but ex-
perience has shown good state estimates of many such systems can be re-
alized by using algorithms based on various extensions of the linear
theory. A goal of this dissertation is to find an analytic basis for
a comparison between some of the more popular algorithms as applied to
a class of multi-dimensional discrete dynamic systems which can be char-
acterized as "slightly non-linear’.

In the scalar case these "slightly non-linear" systems are described

by a state xk which satisfies the difference equation

and noisy measurements Yy assumed to obey the observation equation

2
yk = hkxk + ekxk + vk

The parameters @k, hk’ € and e, are assumed known, and the problem

is such that terms involving the second two parameters can be assumed

small. The sequences and are random variables constituting

AU Vk
"noise" and Xy is an unknown random variable. Precise definitions of

all these quantities is deferred to Chapter 2 which contains a descrip-
tion of the multi-dimensional slightly non-linear system.

Given a sequence of data yi, i=1,2, ..., N, from such a systen,

the following algorithms might be used to estimate Xy



1. The classical least square fitting procedure (LS algorithm)

2. An extended Kalman Filter obtained by linearizing about a
predicted state based on the current best estimate (EK algo-
rithm)

3. A procedure similar to Kalman's but based on making approxi-
mate step by step minimum variance estimates up to first or-
der (AM algorithm)

4. An iterative algorithm similar to (2) above but linearizing
about a current best estimate, thus requiring a simple itera-
tion (IT algorithm).

These algorithms are also defined explicitly in Chapter 2. The third
one presents a slight difficulty, since it has not been derived for
discrete systems. Assuming any of these algorithms will give a reason-
able estimate of xN for a particular system, an analyst may choose to
compare them in terms of the bias or error covariance histories they
imply. This dissertation seeks to find approximate analytic expressions
for these histories.

The purpose of such an analysis is twofold. First, most systems
are at least slightly non-linear. In the case of very precise data
fitting requirements it would be desirable to have expressions which
predict the possible effects of these non-linearities on a particular
estimation scheme. For example, Stanford University is considering
measuring a small relativistic phenomenon via an orbiting gyroscope
and it is important that there are no errors in the estimation algorithm
which could dwarf the parameters being determined.

Second, it is hoped that an understanding of the slightly non-linear
estimation problem can lend some intuition to the limitations of these
common estimation schemes for larger non-linearities which often occur
when measurements are complicated (often geometric) functions of the
states and the system random variables contain large uncertainties.

This situation frequently arises when only a few observations from a

system are available.



1.2 Previous Results

In the last ten years more analytic effort has been devoted toward
finding optimal general purpose filters for continuous non-linear fil-
ters than on analyzing currently available algorithms.* Much of this
work is typified by Bass et.al. (Ref. 4). Their emphasis on continuous
(as opposed to discrete) systems is motivated by the desire to utilize
continuity properties to obtain diffusion equations describing the rele-
vant conditional probabilities on which any optimal state estimate must

depend. Major drawbacks to much of this work have been:

a. the necessity of dealing with complicated mathematical concepts
associated with continuous non-linear functions of stochastic
processes

b. the production of solutions in terms of hard to solve partial

differential equations

c. the difficulty in interpreting the validity of approximate
solutions to the partial differential equations in terms of
constraints on real problems and

d. the lack of explicit information on whether filters so derived
will yield advantages over better known, and often simpler,
procedures.

In 1966, Jazwinski (Ref. 9) unsuccessfully attempted** to derive a

discrete analogue to the non-linear filters discussed above. Two years

>
Much of this work appears to be motivated by attempts to find filter-

ing solutions which are both "optimal" and straightforwardly practical
in the same sense as those of Kalman's, e.g. (Ref. 10) for linear sys-
tems. For practical purposes, however, the concept of optimality is
often of secondary importance since the statistics, and indeed the
whole model, are seldom known precisely. In fact, the general form

of the Kalman filter has been used to solve many problems without sat-
isfying any of the requirements necessary for it to be optimal. The
chief benefit of Kalman's work appears to be its emphasis on the rela-
tionship between the structure of the linear systems producing data and

their corresponding filters.
*%
The writer has been able to isolate a fundamental error in Jazwinski's

approach. In fact, R. Curran, a research assistant at Stanford Univer-
sity, found Jazwinski's algorithm to be unstable for some simple prob-
lems.



later, Athans et. al. (Ref. 2) presented a partial discrete analogue to
the approximate non-linear filters of Bass et. al. The word "partial"
is used because they did not consider state noise and the dynamics were
assumed continuous while observations were assumed discrete. A drawback
of their derivation appears to be that terms which turned out to be em-
pirically negligible were not recognized as such. Athans used Monte
Carlo techniques to evaluate his filter for a particular problem.
Breakwell, in Ref. 5, undertook the task of analyzing several pop-
ular estimation schemes as applied to slightly non-linear parameter es-
timation problems. In particular, he derived approximate relations for
the mean and covariance of the least-square filter, the extended Kalman
filter and an iterated version of the latter. These relations produced
the surprising result that, although the least-square algorithm was al-
ways best, the iterated filter could have larger bias errors than the
simpler extended Kalman filter. Furthermore, he found that all the es-

timators (to first order) had the same covariance.

1.3 New Results

The following objectives were achieved in this research effort.
First, a simple development of a second order discrete analogue of the
continuous filters of Bass, et. al. has been found. This filter is
slightly more general than that of Athans, and the terms which they
found to be negligible empirically do not occur. This filter is devel-
oped in Section 2.4 and analyzed in Section 3.3.

Second, approximate equations have been found for comparing the
difference between the bias and covariance of four estimators: the
least~-square (LS); the extended Kalman (EK); the second order approxi-
mate minimum variance (AM); and the iterated extended Kalman (IT). An
explicit mathematical development of each of these algorithms is con-
tained in Chapter 2, along with a precise definition of the slightly
non-linear systems for which they were analyzed. The actual analysis
of these algorithms in terms of bias and covariance expressions is

carried out in Chapter 3.



Although each estimator has a different bias history (to first
order), their covariances all turn out to be the same. Furthermore,
the only difference between the slightly non-linear covariance, and
one computed ignoring all non-linearities, is a term linearly related
to the a priori mean of the initial state x. If the model is chosen
so that this mean is zero, the non-linear covariance is the same as
the linear. These equations should circumvent the need for Monte-Carlo
comparisons of these estimators for slightly non-linear problems. Fur-
thermore, it is hoped that they will provide intuition into the effects
of larger non-linearities on the state estimation problem.

Third, some examples are given in Chapter 4 which point out inter-
esting contrasts and similarities between this work and the results ob-
tained by Breakwell for the special case of slightly non-linear parameter
estimation. These examples show how the nature of a priori information,
as well as the value of initial covariances, can determine which estima-
tor has the largest bias for a given number of observations. A dynamic

example is also presented.



PRECEDING PAGE BLANK NOT FILMED

2. STATE ESTIMATION ALGORITHMS FOR SLIGHTLY NON-LINEAR SYSTEMS

Introduction

This chapter presents a mathematical description of the slightly
non-linear systems and associated data fitting algorithms with which
this dissertation is concerned. It begins in Section 2.1 by explicitly
defining the slightly non-linear dynamic system whose noisy output data
must be processed to obtain information about its state. It then goes
on to develop four computational algorithms for processing this data to
obtain the required information.

The processing schemes developed in Section 2.2 through 2.4, re-

spectively, are:

1. the classical least square fitting procedure (LS) resulting
in a two point boundary value problem (TPBVP) which must be
solved by iterative techniques

2. the extended Kalman filter (EK), derived seeking an approxi-
mate sequential estimator for the least square procedure

3. the approximate minimum-variance estimator (AM) which differs
from 2 above in that it tries to minimize an expected value
of the estimate, rather than just a function of given data

4. the iterated (IT) filter which is a refinement of the EK fil-

ter.

It should be noted that the development of these algorithms is somewhat
heuristic, and the assumptions used to derive them are not necessarily

identical with those used in the analysis of the following chapter.

2.1 Discrete System Description

A fairly general non-linear discrete system can be described by

the forward difference equation

Xpr1 = fk(xk) + quk (2.1)

with output observation



Ve = hk(xk) + v (2.2)

where the x is a sequence of n X1l matrices, ¢ is a sequence of

k k
pX1l matrices, and the Yy and Vi constitute a sequence of mXx1
matrices. fk and hk are at least three times differentiable matrix
*
functions and the qk and Vi are zero mean processes with covariances:
T T
E = M E =
{qkqj} Uiy {"k"j b= meo

(2.3)

E{quj} =0 ; E{xkvj} =0 ; E{xqu} =0

Furthermore, the initial conditions on (2.1) are assumed to be random

variables with a priori statistics
(2.4)

The development in the sequel will be limited to estimating the xk

given the Yy in the cases where Taylor series expansions of (2.1) and
(2.2) can be performed. When these equations are expanded in a Taylor
A

series about some nominal operating point Xk we can define new varia-

bles in terms of differences

n>
>

(2.5)

g
w

]

<
=

l

<
w

to obtain

x
E, as used here, is the expectation operator.



afk 1 o fk
M T e K &t e T IR
k ) X,
(2.62)
. 3 4
+ terms with (Ax), (&%) etc.
and
2
o°h
oh ~ 1 XX T
N = 5% ) &% + |5 T oS Lty
k ox
k
(2.6b)

+ terms with Axs, Ax4 etc.

In view of the fact that qk and vk are unknown random variables
which, along with the xk can never be determined exactly from the data
Yy it is difficult to find the most general conditions which assure
that a close enough §k can ever be found to validate the use of these
expansions. One way to skirt this difficulty is to make the strong as-
sumption that the probability distributions associated with all the
random variables in the problem are bounded and have small enough vari-
ances to make the expansions tractable. The necessity of investigating
these assumptions for particular problems is not well emphasized in the
literature dealing with continuous non-linear dynamic systems where more
attention is focused on theoretical aspects of continuous stochastic
processes.,

For future convenience it will be assumed that expansions of the

form (2.6) and (2.7) are valid so that by scaling and redefining state

variables the only system which need be considered is

-r
T
= . 2.
X1 @kxk + [gk.xkxk] + quk (2.7a)

1»An important consequence of this notation is that terms with coeffi~
cients of order §&i®, must be neglected along with 5% when perform-
ing algebraic manipulations.

9



*
T
Vi = Hkxk + [Ek'xkxk] + vy (2.7b)

with the statistics (2.3) and (2.4), together with the assumption that
gk and Ek are small so that squares and higher order products of
these terms are negligible.

2.2 Classical Least Square Fitting

The preceding section defined the source of the data which must be
processed. Of the four algorithms (the LS, EK, AM, and IT) to be con-
sidered for this task the least square will be presented first since
it is the most popular, especially in problems with few computational
constraints. In this approach, estimates of the x and qk are made

k

X and ak which obey the constraint rela-

by determining a sequence x

k
tions
X . =0% 6 X% |+ ad k = 0,1 N-1
Xk+1 = kxk + k.Xka + qu = yly ey
(2.8)
~ ~ E 0 }/ET
Ve = B [Bx ¥k
and minimize the quadratic performance index
N
_l<;; _>TP_1<§ ;{-) 12 ‘A)TR_1< _A> &1 ola
=20 %/ Yo \o"%0) T2 & (yi Vi) B Wi7Y3) F950% 4% 40 -
(2.9)

Since N 1is finite, this is essentially an algebraic maximization prob-
lem, solvable by using (2.8) to eliminate all the intermediate states
§i with i not equal to 0. However, this leads to the difficulty

that all the ai must be found explicitly. This is avoided by adjoining

*Notational definitions;

A A c[gl.p] 2
[E:P] = Z Byyp Pagi [Ex) S z E o %o B iP] = Z Eopa Pop
) o4 a,B

10



the constraints (2.8) to (2.9) via a sequence of Lagrange multipliers
Ak so0 that an augmented performance index is written

N-1

— _ T ~ 'A /\T ~ ~
cp = (P + ].;) 7\i <®ixi + [&i.xixi] + qui - Xi+1> . (2.10)

Differentiating (2.10) with respect to a and setting the result equal

k
to zero to find an extremum gives

T
= -Q, G.\ k =0,1, ..., N-1 . (2.11)

A
Ay k k" k

Repeating this process for 2 gives:

k

Ag-1 7 <®1r£ * 2[&k:xk:|T) M T <H';<r * Z[Ek:XkJT>Rl:1(yk B §k)

(2.12)

with

Ay =0 ‘ (2.13)

Differentiating (2.10) with respect to §0 gives the initial boundary

condition

-1/— A T ~ T
—P0 (xo - x0> + (@0 + 2[?0.x0] ) AO =0 . (2.14)

Equation (2.11) can be substituted into (2.8) to obtain the final equa-

tion:

~

xk+1 = @k

A A AT T.
X + [%k'xkxk] - GkaGkkk (2.15)

Equations (2.12) through (2.15) constitute a discrete two point
boundary value problem (TPBVP) whose solution constitutes the classical

least square smoothing estimate.

11



2.3 The Kalman Recursive Algorithms Generalized to Non-linear Systems
(Extended Kalman Filter)

Although the recursive filtering equations developed by Kalman
(Ref. 10) are only valid for linear systems, they can often be applied
to non-linear systems which have been linearized about some reference
path. The algorithm that will be considered here is obtained by con-
sidering a reference path which at any time is linearized about a cur-
rent best estimation of a state. The resultant equations look much
like the Kalman equations with linear transformations replaced by their
non-linear equivalents.

As a first step in obtaining this algorithm we will assume that a
good approximation to a portion of the least square problem represented

by Egs. (2.8) and (2.9) has been found. This solution is expressed as

QE/Z where the second index indicates that the X so defined is part
of the sequence satisfying Eqs. (2.8) minimizing the partial performance
index
£
_l(;{\ _;)TP—].A ;>+1 Z A>TR_1( _l\> +AT Q"].A
® =32 X0 "%/ "o (Xo o/ T2 & <yi Vi) Be Vi 7Yy T %% %
(2.16)
4 <N
If indeed QZ/E is a good approximation to a minimum, we know that the
derivative of (2.16) with respect to the components of QZ/Z must be
zero. Hence a Taylor series expansion of qk about §£/ﬂ can be writ-
ten as
* - *(ﬁ ) R e o Ml + H.0.T i (2.17)
P = O Fyry 2 /el g £/8+1 e ’
1..

The asterisk is used to denote quantities associated with an optimum
solution.

12



-1 .
where (P;) is presumed known, is a small excursion from

X
N o £/8+1
X defined by

£/

N

0% /pa1 T Xp/pe1 T Xp/ (2.18)

and represents the estimate of X, obtained by minimizing

Xp/0+1

A )T -1

i 1 AT ~1Aa
(yﬂ-!-l - yﬂ-f—l R2+1<y£+1 B y£+l) + b q,@Qﬂ qE (2.19)

S
|—l
|
-3
+
[\

In order to obtain a simple forward solution for §2+1/E+1 as a func-

tion of X and yﬂ+1 it is assumed that the change (2.18) obtained

L/8
by minimizing (2.19) rather that (2.16) is small so that the approxima-

tion (2.17) can be used in (2.19)., Furthermore, it will also be assumed

that ag will also be small. Taken with the above assumptions, this

o)

implies that XE+1/Z will be close to the predicted value defined by:

A~ A A AT
= M " 2.20
Xpe/g =S¥t [52 szz] (2.20)
Hence, it follows that

A

= Xﬂ+1/g+1 - xz+1/z (2.21)

6x£+1/z+1

should also be small.f This last assumption permits us to expand the

second term on the right side of Eq. (2.19) about 2 Recalling

£+1/4°
Eq. (2.8), this expansion is performed by writing

~ A -/\ ,\T
Yoe1 T Yp41 = Vg1 (hﬂ+1xz+1/z * [Ee+1'xz+1/zxg+1/g]>

A ” (2.22)
<H£+1 * 2[%z+1:x2+1/ﬂ]> 6Xz+1/z+1

*The hypothesis here is that the E, 8, and q terms are of the same
order.

13



It might be argued that when (2.22) is substituted into (2.19), quadratic

terms in should also be included since (2.17) contains quad-

N
6X[,+1/z+1
ratic terms. Further expansion of (2.22), however, involves only the

products of quadratics with E which, by hypothesis, are second

4+1’
order terms and hence negligible in magnitude.
A ~

i .2
6x£+1/£+1 in (2.22) to 8x2/2+1
(2.17), the defining relations (2.8), (2.18), (2.20) and (2.21) are

In order to relate found in

combined to give a new constraint relation

6xz+1/2+1 =~ ®26X2/2+1 + quz R (2.23)

Before redefining the least square problem in terms of 6§ it is con-

venient to define two new variables:

! é - > - _A AT _ _ ~
Yoa1 = Ygu1 T Mpaa®piayy [Eg+1'xz+1/zxz+1/2] =Y, " Yy, 2020
and
t - ./\
Bper M 2[E2+1'xz+1/g] (2.25)

Using these definitions, the approximations (2.22) and (2.17) are
substituted into (2.19) to obtain the minimization problem that is now

summarized. Minimize

= o 1 4T 7L s
Ppe1 = P (Xz/z> * 3 0%y ®F) T X0
(2.26)

T
1 1] 1] N -1 ] ] A 1 T -
jnd -H - ~ 1A
5 (75 z+16xz+1/z+1)Rz+1 (y,a+1 Hz+15",@+1/g+1> * 54,97

over q X X j
qz, 6x£/£+1 and 6xz+1/z+1 subject to
8/\ — ~N A
Xge1/p41 = Y%y 001 * Gy, (2.27)

14



But these equations simply represent one step of the more general prob-

lem solved in the appendices.

The solution is simply

2 _ * 'T -1 t
5xﬂ+1/2+1 - Pz+1 g+1Rg+1 241 (2.28)
-1 A -1 T -1
P’ T ( ?,P 0, + 6,0, ) +H R H 2.29
P PR A IR Hpa1Rpantlpen (2.29)
The complete recursive algorithm can now be summarized. Equation

(2.28) will be combined directly with (2.21) to eliminate explicit com-

putation of the perturbation term. Hence, given QZ/Z and PZ, the
[,+1th terms are computed from:T
A ® A & A AT] (2 30 )
X = X + X X .30a
£+1/4 L 8/8 L £ 2
H =1 2(E X 2.
0+1 g+l F [jz+1 Xz+1/z] (2.30b)
p¥* = o P*o" 4 ¢, G 2.30c
L+1/4 L L4 Q ( )
- -1 'T -1
* — * 1
(P2+1) = (P +1/z) + z+1 z+1Hz+1 (2.30d)
1-I‘c should be noted that the state prediction equation (2.30a) for §2+1/£
and the predicted observation used in (2.30e) can be replaced by:
TRVRENCYN
X = X
L+1/4 ANSS
and
A h <A >
= X
Yoe1/p T 41\ Fga1/g
for the more general problem discussed in Section 2.1. Furthermore, the

inverse required in Eq.
relation

*

* - *
Pp,+1 - Pz+1/z

£+1/ZH2+1

(2.30d) can be eliminated by using the well known

-1
*

' T ' ¥* T '
( H£+1P2+1/2

11/t * Rz+1>

15



~ A A AT
Yor1/e = Bpa¥pesg ¥ [Ez+1'xz+1/gxz+1/[,] (2.30e)
;E - ;; + P-)(— H'T R—l _a ) 2.30¢)
pr1/sn = Sz * Pt B~ T, 2.
*0o = *o (2.30g)

This concludes the development of what is frequently referred to as the

extended Kalman filter.

2.4 An Approximate Minimum Variance Filter

It is well known (Refs. 13 and 14) that the minimum variance esti-
mates of a random variable such as xk based on data such as yi is

the conditional mean of x given the Yy (i =1,2, ..., N). 1In this

k
section an approximate recursive algorithm for computing the conditional
mean is derived. At several points in the derivation, certain variables
are arbitrarily assumed to have gaussian distributions. The analysis of
this algorithm in Chapter 3, however, does not rely on this assumption.
Thus, the algorithm has greater applicability than some of the interme-
diate approximations might, at first hand, indicate.

The derivation begins with the assumption that X, has been esti-
mated based on the data Yy (i=12, ..., N). This estimate will be
called § and is presumed to be the conditional mean of xk written

k
symbolically as

[s0]
R = = 2.31
X, E{xk/yl, ceny yk} J‘ xkp(xk/yl, s yk) ax, ( )

- 00
In this equation p is the conditional multivariate probability density

of X, conditioned on the data y. The integral sign and differential

are symbolic and should be interpreted as

16



[: ax, = [: '/:: d(xk)l,d(xk>2,d<xk>3, e, d(xk>N ,

that is as an integral over all the components of Xk' Furthermore, it
will also be assumed that the covariance of the error in this estimate

is also known. This covariance is defined by

E{(xk - Qk)(xk - §k>T} 4 E{§k§:} =P, (2.32)

Given the above information we consider first the problem of finding

the minimum variance estimate of Xk+1 given only the data up to yk.

This estimate is denoted by and the corresponding covariance

by

N
Xr+1/k

Pk+1/k' By definition,

~

= _ . T
*k+1/k T E{Xk+1/y1’ ce yk} = E{Qkxk + [%k-xkxk] LK W74 SRR yk}

(2.33)

By hypothesis, ¢ is a zero mean process which is uncorrelated

k
with data up to and including yk. Furthermore, the expectation oper-

ator is linear, so we can write (2.33) as

~

T
xk+1/k = QkE{Xk/yl’ ooy yk} + [%k.E{xkxk/yl, ooy yk}] . (2.34)

The first expectation in (2.34) is known. The second expectation is

evaluated by noting that
+ XX - 28 % . (2.35)

But, in (2.35), % is a known function of the data up to Y S©

17



E T_ Ex. - X <x - % )T/ }
T <Xk xk) x ~ k) Yoo Yy

(2.36)
+ §kE{xE/y1, ooy yk} + E{xk/yl, .oy yk} §E-—§k§: = Ek + §k§§
Hence, the prediction Eq. (2.34) can be written
N o A AT
Xk+1/k = @kxk + [§k:xkxk] + [6k:Pk] (2.37)

This prediction equation differs from the extended Kalman filter
version by a bias correction term. An expression for the covariance of
this prediction is derived in much the same way. Two additional varia-
bles are introduced to simplify the derivation. The first is the esti-

mation error defined by
X, =X . (2.38)

The second is the prediction error

~

la)
Xeal/k — k4l ~ “k+1/k

>

. (2.39)

When (2.7a) and (2.37) are substituted into (2.39), the resulting expres-

sion for the prediction error becomes

~ ~

T A AN
= H -— - . .4
¥k = O [gk.(xkxk xkxk>] + Ga [?k Pk] (2.40)

It is advantageous to simplify the quadratic terms in by completing the

square to get

(2.41)

18



In terms of these new variables, the covariance is written

Pk+1/k

Pral/k = E{Xk+1/kxk+1/k/yl, e yk} (2.42)

When (2.40) is substituted into (2.42) and the result expanded many terms
arise which either contain terms in 62 which can be ignored, or which
are uncorrelated (have zero expectation) such as the product of X with

[6k:Pk] and the cross terms containing q The only terms which at

first glance appear different from the linzar case are one involving
cubics in §, x and X. If, however, the system (2.7a) and (2.7b) came
about by an expansion of a system like (2.1), these are in fact higher
order terms and must also be neglected. It is interesting to note that
Athans et. al. (Ref. 2) did not notice this in a similar development for
a continuqus filter without state noise. Their simulation experiments,

however, justified the above statements since they found this term to

have negligible effect. Hence, (2.42) can be rewritten as

= = T T
Pk+1/k = Qkpk¢k + GkaGk (2.43)

The next step is to determine

Xk+1/k+1 = E{Xk+1/y1’ T yk’yk+1} (2.44)

as a function of That is, the estimate at step k+1 must be

N
*kel/k"
updated to reflect the new data available at step k+1. 1In theory, the
expectation (2.44) can be determined if the joint conditional probability

density

IC TS YA SERETTTER A0 (2.45)
is known.

In practice, for all but linear problems, this density tends to be
difficult to compute. The first two central moments, however, can be

approximated by the same techniques used to obtain the prediction equations.,
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This is easily done by first computing the conditional expectation of

the (n+m) dimensional column vector obtained by augmenting yk+1 to

the vector x . Thus we can write
k+1
”~
*k+1/k 41
~ = E Yo eoes Yy
Yr+1/k Y+l ‘
(2.46)
.
*r+1/k
= A AT

N
Bert®iee1/k T Brel Fra1/ike1/k T B a1k
The second moment is computed from

~ ~ T
k+l  k+1/k [[Fx+1 T Fr+1/k
A(k+l) = E ) ) Ygr wees ¥y (2.47)
Vet T Yra1/k ) Pk+r T Yk+1/k

X X

The last equation is conveniently computed in parts., The first part is

the nXn matrix which we can define as

-~ A T —
= - - e =P
Ay (1) E{<xk+1 xk+1/k>(xk+1 Xk+1/k) 227 J yk} k+1/k
(2.48a)
The next part is an mXn matrix defined by
A__(k+1) = E - X - g _:% 2T + P ( _2 )T/ ;
yx - Yk+1 Hk+1xk+1/k k+1 ' "k+1/k k+1/k ko1l ) Per T Fxersx) Yoo Yy
~ - T
= E{[Vk+1 * g (xk+1 - xk+1/k)] (xk+1 - xk+1/k) /Y00 wens yk} (2.48b)

= B 1Pk
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The last part to be determined is the mXm matrix

~ ~ T
Agx(k+1l) = E <yk+1 - Hk+1Xk+1/k>(yk+1 - Hk+1Xk+1/k) 2 LTRERRTIR /%
(2.48¢c)

where, as before, cubic terms in x are dropped consistent with the
original expansions. The covariance matrix A in Eq. (2.47) is now

written

T
Axx(k+1) Ayx(k+1)

A(k+l) = (2.48d)
A (k+1) A (k+1)
yx yy

Although the mean and covariance of the distribution (2.45) are not,
in general, sufficient to completely specify the distribution, we circum-
vent this difficulty by pretending that it is gaussian. This might ap-
pear unduly restrictive but, in fact, the solution we will get for (2.44)
will be the same one that would be obtained by substituting a linear
least square criterion for the conditional mean criterion (e.g., Ref.

17, p. 46). Hence the distribution (2.45) is now written as

Xk+1’yk+1/y1’ T yk) = n+m

(2m) 2 |A (k+1) |

P(
1/2

ool L ( T T T AT )
P17 2 Pk k+1/K Yk+1 ~ Tk+1/k

—1 N A
. 1 - -
A Gy )(Xk Xer1/k Yka yk+1/k)]

(2.49)

The conditional mean and covariance we desire can be directly written

down for this case using results given in reference (1). Hence
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A~ -1 A
E{Xk+1/y1’ .oy yky Yk+1} = Xk+1/k + AxyAyy <yk+1 - yk+1/k) (2.50)
and

E @ -% )@ -% >T/ =A_-ataly
k+1 " Fr+1/k+1) Frel T Fka1/xa1) Y10 Y20 o Vg T fxx yX ¥y ¥X

(2.51)

Aside from some algebraic manipulation to achieve more common forms for
the above equations, an approximate forward solution for finding a con-
ditional mean has been obtained.

The recursive equations for computing the approximate conditional

mean are now summarized. They are:

~ ~ ~ AT
= : :P .52
o1y = S [&’z XZ/zxz/z] ’ [6’/& /&] (2-522)
H' Z—_é H + 2|E }? (2.52b)
2+1 5 +1 2+1°7p+1/8 )
_ - T T
P _ 2.52
a1y = 9B,0, + 6,96, (2.52¢)

- -1

1 T =1y
Pz+1

+ H R H (2.524d)

=P/ 2+1p+1 g+1

~

A ~ AT
= H : :P 2,52
Yo+1/p T pa1¥geazg [Ez+1 Xz+1/zxz+1/z] * [Ez+1 z+1//z] (2.52e)

N

' T

=% -y 2.52f
Xos1/g41 = Xpe1zg T Pz+1H2+1(yz+1 y ) ( )

L+1/8.

This concludes the development of the approximate minimum variance equa-

tion.
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2.5 An Iterated Extended Kalman Filter

This filter is very similar to the Extended Kalman Filter. However,
in the derivation of that filter, a solution was obtained by linearizing
about a predicted value defined by Eq. (2.20). For this filter, the min-
imum to Eq. (2.19) is approximated by relinearizing the residual (2.22)
about the estimate found by an extended Kalman filter step and perform-
ing the minimization a second time. We begin the derivation of this

filter by defining the estimate obtained by using Eqs. (2.30a-g) as
A1)

xz+1/£+1. Corresponding to (2.17), a (hopefully) small excursion is
defined by
~A(2) A ~(2) ~(1)
& - 2.53
ax[,+1 X12,+1/12,+1 x[,+1/z+1 ( )
so that the expansion of the residual about ﬁ(l) is convenientl
P 2+1/0+1 y

written as

>

i 5 D L N eI,
y[,+1 y£+1 = yz+1 2+170+1/5+1 0+1° T g+1/0+17g4+1/p+1

L@ A(2)
) <Hz+1 * 2[Ez+1'xz+1/z+1]> 8% 1/041 (2.54)
A y _a@1) H(2)6§(2)

1+1 Vg4 1+1°%41/41

The constraint equation which relates

A(2) A A2 4
Xy fpel = Xp/p+1 T Fu/p (2.55)
t SA(l) is obtained by differencin
© xz+1/z+1 y g
~(2) A . a(2) ~2) A@)7 ~(2)
Xpr1/pe1 - Sp%psg41 Y [61& :xz/z+1xz/z+1] + Ga, (2.56)
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with Eq. (2.30f) [using (2.30a) also] to get

T
~(2) RN ¢-)) Aok x(1) -1 o
Ry spar = Uy pan * G+ P B R (v y[,+1/z) (2.57)

The critical hypothesis in the last equation is that the iterated solu-
tion will give estimate changes of the same or higher order than the

non-linearities so that the term

5,22 2@ o
0 R0 /01 0041 T F0/0%0 /0

can be ignored. No explicit assumption about the size of a is made in

this iteration. The object now is to minimize

2 + -]; ATQ_ll\
p/e+1 T2 4% 9

z+1§2 J/

T
1 _A(2)
? 2 XE/£+1<P

*(2)>_1 8A(Z)

(2.58)
T
1 _a(1l) _(2).a(2) -1 _a(1) _ 1 (2).a(2)
) <y2+1 y1z+1 Hz+18Xz+1/z+l> R17,+1<yz+1 yz+1 Hz+18x[,+1/z+1>

subject to the constraint (2.56). The solution is easily obtained using
the techniques of Appendix A. The solution can be put in several forms.

For convenience, the entire computational sequence is written below:

o

%,,1/p = %’?2(2 + _62 :1?22):’22(2)T (2.59a)
H;ii =Hpt 2 %g+1’32+1/£] (2.59b)
P;+1/z = @Bp;m)@; + GZQBG'; (2.59)
(P;:i)>_1 ) <PZ+1/1&>-1 * Hz(iiTRle;ﬂ (2.59d)
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; =5 _% + B % gT (2
Ye+1/0 T Tpe1¥pa1/y 2+1 %041/ %041/
~(1) o ()T -1 o
Xpe1/p+1 = Xpa1/p Y T B z+1(yz+1 - yz+1/g> 2
2) _ ~()
Hz+1 - H11,+1 + 2[%2+1.xz+1/2+1] (2
-1 -1 T
»(2) I 2) -1 (2)
<Re+1 > - <PZ+1/Z> + HZ+1 Rz+1H[,+1 (2
) _ . a0 sy s @
yz+1 T g4+l p+1/2+1 9+1°"g+1/0+1 g +1/4+1
T
a2 _a . pr@ @ 1 o)
2+1/9+1 2+1/8 2+1 g+l g+l y[,+1 yz+1
(2

_ H(2)<§(1) -2 )]
L+1\"g+1/p+1 2+1/4

This ends the development of the four types of data processing

schemes which will be analyzed in the following chapter.
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3. APPROXIMATE EQUATIONS FOR THE MEAN AND COVARIANCE
OF DATA PROCESSING ALGORITHMS

Introduction

This chapter analyzes the filtering algorithms presented in Chapter
2. The object of the analysis is to find the bias and covariance of
each estimation scheme in terms of equations which can be easily com-
puted without using Monte-Carlo procedures. The equations to be de-
veloped here are of approximately the same complexity as the computations
required to compute covariances in a Kalman filtering algorithm applied
to a linear problem. Furthermore, the equations are all in terms of
quantities which are computed from a related linear problem and are thus
subject to some direct general interpretation.

The four sections deal with the least square, extended Kalman,

approximate minimum variance and iterated extended Kalman algorithms,

respectively.

3.1 Mean and Covariance of the Error in the Least Square Algorithm

This algorithm is represented by Egs. (2.13) through (2.15). 1In
order to obtain an explicit solution for this (TPBVP), the equations
are first solved ignoring all the small terms containing ¢ and E to
get a linear problem. The solution to this set of equations is then
substituted into the small terms of (2.12) through (2.15) which are then
regarded as driving terms.

The resulting linear smoothing problem is solved in Appendix A.

In the sequel, the linear smoothed solutions will simply be defined by
unsuperscripted quantities such as % . for a linear smoothed esti-

k/N
mate of xk given N data points and Pk/N for its covariance. The

least square estimate is denoted by a superscript (LS). With these con-

ventions, Eqs. (2.12) through (2.15) become:
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Ls _ TLS T —1< ) ALS )
N1 = %N+ HB Oy B X

T

N oA T -1 A
+ 2[&k. Xk/N] )\{ + Z[Ek. xk/N] Rk (yk - hkxk/N>

T —1[ A AT
- E H .
Hk Rk . Xk/ka/N] + H.O.T. (3.1a)
LS
Ay =0 (3.1b)
-1 ALs> T_LS [ ~ T
- P - : =
o <x0 Xy ) + ®0%0 + 2 50 XO/O] %0 + H.O.T. 0
(3.1c)
~LS _ . ALS _ T LS ~ &
el T W T GAGA [?k'xk/ka/N} *HOT (3a10)

In these equations all the small terms are regarded as known terms such

k
in Appendix A. In order to avoid the algebra inherent in solving. these

as y, or the deterministic driving term u included in the solution

equations directly, a correspondence is made between the data and driving
terms occurring in the linear problem and that in Egs. (3.1la) through

(3.1d). To do this we define two new variables:

' é L T
Yy = [gk'xk/ka/N] (3.2)

N — T —1 ./\ T '/\ T -1 - el
Yk = HkRk Vi ¥ 2 [ék.xk/N] )k + Z[Ek.xk/NJ Rk (yk Hkxk/N>

T -1 s AT
- R E : .
Bt [ k Xk/ka/N] 3.3)

In the linear relations of Appendix A data always occurs as a driving

term of the form
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Y = HE R~y (3.4)

Hence, in the solutions of Appendix A, wherever (3.4) appears, (3.3)
is substituted and wherever u, appears, (3.2) is used instead. The
correspondence is completed by making the boundary condition (3.1lc)

look like Eq. (A.8) by defining a pseudo a priori mean

- _ = _ A T
Xg = Xg = 2P0[60'XO/N] 7\0 _ (3.5)

The solutions to equations (3.1a) through (3.1d) are now written

down in terms of the well known forward difference equations which must

LS
b lved t int t t X0 .
e solved up to poi N o ge XN/N

the intermediate points in the solution of these equations do not Tepre-

It is important to note that

sent approximations to the least square solution at points k < N since
the driving terms are based on a zeroeth order approximation using N
data points. As a matter of convenience, however, the equations are

written in the same notation employed for the usual filtering solutions:

~LS ~LS ' )

X2+1/2 = ¢2X£ + uz (3.6a)
T T

Povi/e = %% + G908, (3.6b)

-1 -1 T -1
= H )
Porr T %170 T Ryt (3.6¢)

LS  ALS . ALS
el = *pa1/p Pg+1<Yz+1 Hy 1% z+1xz+1/z> (3.6d)
LS . T
= - G : .
XO xo 2P0[0 XO/N] ?\0 (3.6¢€)

In order to obtain equations for the mean and covariance of the least
square estimate, the Eqs. (3.6a) through (3.6e) will now be rewritten
in error equation form. A good deal of algebra will be avoided by using

well known probabilistic relations for the linear estimates occurring
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in the driving terms. The error notation is described in Egs. (2.38)
and (2.39).

When Eq. (3.6a) is substituted into (3.6d) and the result sub-
tracted from the system Eq. (2.7a), we get:

5 - o3 i 6aqa + |6 '{x x; - %, & ->
1 T Y% 2% e\ 0 T Fa/NCp/N
. _ T -1 ~LS '
* Pz+1[Yz+1 Hz+1Rz+1Hz+1<®zXz " uﬂ)] -7

The last term in (3.7) is expanded further by recalling Eq. (3.3) and

the relation
= H (CI) X +[5 :X xT + G )
Yoer ~ a1 \Ure T80T % 0%y 2%
+ |E x . _x% + (3.8)
2+1° T p417 g1 Vol :

When these terms are substituted into (3.7) and grouped appropriately

we obtain the result

~LS ~LS T A AT )]
= X 5 : -

Xper = Oy TGt [ yi (2% = 2y i

T -1 ~LS T ~ AT )
- H . -
Ppe1tipiaRpen < LR quz) * [E’z‘(xzxz Xz/Nxz/N] ¥ Vz+1>

‘ T -1 L A _ T >
PE+1H£+1RB+1 [E1&+1' (xz+l/_Nxz+l/N ®pe1¥ge1 ]

T
A . T -1
* 2P£+1[6£+1'Xz+1/N] Mo ¥ 2Pz+1[Eg+1‘Xz+1/N] Ry

(Hz+1xg+1/N * Vz+1> (3.9)
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The mean of the least square algorithm error is determined by finding
the expected value of the difference Eq. (3.9) over the random variables

v and qk the initial error. The expectation of the terms which do

k
not involve either Ek or gk is obvious. The expectation of the terms
containing the small non-linearities is found using the linear theory

developed in the Appendices. The first of these requires the evaluation

of
T ~ AT A AT A ~T ~ AT
_ _ 3.10
E{szz Xz/NXz/N} E{Xz/NXE/N T RN Nt Xz/bf‘e/N} (3.10)

where the last two terms on the right side of (3.10) have zero expecta-
tion since Appendix B shows that the linear estimate and its error are

uncorrelated. Hence, we see immediately that

T A~ AT
X - = P 3.11
E{Xz ) xl&/NX£+N} /N .11

The term containing the adjoint %Z+1 will consist entirely of

linear combinations of products occurring in the matrix representing

the outer product between Xz+1/N and )Y+1' However, using the relation
(A.45), we can show that the expected value of the outer product matrix

is zero. In fact, adding and subtracting xz to (A.45) immediately

gives

=T -1 /e~ ~ i
7\1&+1 - ®£+1P£+1<X£+1/N XZ+1) (3.12)
and we have shown in Appendix B the well known fact that
A ~T
E =0 .1
{x£+1/NX£+1/N} (3.132)

and the lesser known fact that
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~ ~T
E{Xﬂ+1/NxE+1} =0 (3.13b)

so the result is demonstrated.
The next term of interest involves linear combinations of terms

occuring in the outer product

n ~T
E{Xz+1/NX£+1/N} =0

and also a term

~ T -1
E{ZPE+1[E2+1'XZ+1/N] RE+11Q+1} (3.143a)

which will contain linear combinations of the quantities occuring in

the outer product between §£+1/N and 1k+1' In Appendix B, however,
it is shown that
A T T
E \' =P . 3.14b
{X2+1/N z+1} 2+1/N 41 ( )

With the use of (3.14b), the term (3.14a) becomes

T T _1 *
2Pﬂ+1[#£+1:<P2+1/NHE+1R2+1)] (3.14c)

The remaining term is analogous to (3.10). Hence, the desired ex-

pectation can immediately be written:

*
In explicit summation notation this term is written as

1) B b e 54D BTl
7BS 70 3)

Ep £

2 P
B)')’}S;Q;é ap
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~LS ~ ~LS T -1
E - - :
{xz+1} % ?{Xz } LR L ANt [E’z Pz/N]

T T T -1
- 21E : :
Po1 ( [z+1 (Pz+1/NHz+1Rz+1>] R [Ez+1 P£+1/N]>
(3.15)
where the error transition matrix is defined by
~ T -1
= - . .1

(DI, (I Pz+1H1&+1R£+1H2+1> CDE (3.16)

Providing X, represents the true a priori mean of X0 the algorithm

(3.15) is started with the initial condition

E{;LS} -0 . (3.17)

~

In order to obtain an estimate of the covariance of XNS without
being ensnared in an intolerable amount of algebra the solution to (3.9)
is written explicitly in summation notation, the initial condition (3.6e)

substituted into the result, and the first order terms grouped to get

n
~LS ~ ~ D T"‘l("’ _~
Xy T Xyt 2 zi QN/iPi[gi'xi/N]QiPi XN Xi)
i=0
N-1
- 6. : - X ]
+ P QN/i+1(I Pi+1si+1>[_i *3%1 T Fi NN
N-1
~ ~ T -1 ~
2 p. [ . : H %
v2 4 wana i+1[ i+1 Xi+1/NJ i ( 1+17i41/N © Vi+1)
N-1
~ T -1 T ~ ~
p, _H E : -
= /i1t ie1 i+1Ri+1[.i+1 <Xi+lxi+1 Xi+1/in+1/NT>]

(3.18)
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. . LS
The covariance of the error in QN based on an ensemble of cases having

various initial conditions X, and various noise sequences a9, K

will, in general, differ from a conditional covariance based on a partic-

and p

ular sequence of data. In the linear case, these covariances are the

same. The ensemble covariance is defined by

LS ~LS ~LS ~LS ~LS Tl
PN E <XN - E{XN })(%N - E{XN }) ’ (3.19a)

,

~1,8~LS ~LS ~LS\T :
- .19
E{XN XN } E{XN } E{xN } (3.19b)

e

1

The first term on the right side of (3.19b) is found by squaring (3.18)
and taking an expectation. The second term will be entirely higher
order and so will be ignored. At this point some additional assumptions

are made. They are: a) the random variable X, is drawn from a dis-

tribution which is symmetric about the a priori mean x and is entirely

0
9 Vs and b) the sequences 94 Vi are drawn
from independent zero mean symmetric distributions. From the results

~ ~

given in Appendix A, it is clear that such terms as x, and Xx. can

~ J/N .
be written as linear combinations of XO’ and the qk Vi sequences.

Together with assumptions a) and b) above, this leads to the conclusion

that, when (3.18) is squared, all cubic terms in x, @ and vy will

independent of the and

yield zero expectation. Terms involving products of & and E are by
hypothesis negligible. Furthermore, the terms in Eq. (3.18) involving
the difference of the squares of the state and its estimate are replaced

by the same relation used in (3.10) so that
T
Py m Pyt AL+ AL (3.20)

where

X
N

I
|

N-1
~ A ~-T -1/~ ~

- : - %))
An & /it [51 Xi/N:I@N S CINEES
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N-1
~ ~T ~ AT ~T)
+ i; Q. I - P, X
®l& N/i+1’ 1+1Si+1)[?i *i/Na/N Y Xi/NXi/N] XN‘
N-1
~ ~ T -1 ~ "'TI
+ E 2 0] p E :
L N/iel i+1[ i+l xi+1/N] Rir (aa®ien Vi+i)XN’
N-1
~ T -1 A ~T ~ AT ~T1
+ E o ,. P, . R, N 3 . . X :
o N/i+1 i+l i+1 1+1[ i+l 1+1/Nx1+1/N *+ X1+1/N i+1/N]XN‘
(3.
The term §_ N in (3.21) can be written as
1
A - - x 3.
/w7 T RN (
But ; is simply a linear combination of ; and the ¢ and

i/N 0 k
and second order terms so that by the hypothesis above it will give

contribution to the expectations in (3.21). By similar reasoning,

can be written as a linear combination of ®i/0xo plus terms with
and second order effects. XO can, in turn be written as ;O + ;0

which we see immediately that all the gi/N terms in (3.22) can be
placed by ¢N/iXO which is deterministic in character. Hence, the
pectations in (3.22) need only be taken over the remaining products
two errors in each term.

From the results in Appendix B,

E{Xi/NXN} = E{xixN} = Pi®N/i (3.
and
{ ~T} H P EF (3
X = -
Yir1®N 141 i+l N/i+1

so that the first and third terms in (3.21) have zero expectation.

remaining terms are written as

35

21)

22)

re—
ex—

of

23)

.24)

The



7
[y

~ — 1 e
=2 I-P S : P,
Ay 5 On/ia1 € i+l i+1)[61 ‘Di/oxo] i¥%/1
N-1
H : P . .
v 2 j_—z() fw/iaPieia [Ei+1 ®i+1/OXO] i+1%/141 (3.25)

Equations (3.15), (3.20) and (3.25) complete the derivations of approxi-
mations for the approximate mean and covariance of the errors in a least

square estimation.

3.2 Mean and Covariance of the Error in the Extended Kalman Filter (EK)

The first step in analyzing this algorithm is to use Eqgs. (2.30a)
through (2.30g) to obtain the state error equation:

~EK ~EK [g T AEKAEKTJ
+ . 2 X

x£+1 = @kxz ﬁ.xz

x [T ~EK
) P£+1<Hz+1 * 2[E2+1’%Xz ])Rzu

T
~EK T AEKAEK
v£+1 + Hz+1<®zx£ + [é?.xzxz-xz xz ]+ qu£>

T ~EK ~EK )
E : - HOT 3.26
* [ £4+1 (X£+1X£+1 x£+1xﬁ+1 + ( )
* . . ~EK ; .
The term Pz+1 is also a function of the x quantity and is updated

according to (2.30c¢) and the equation

* * * T T *

-1
- - ' 1 1 1 P
P1&+1 P£+1/£ P2+1/2H2+1 <H£+1Pz+1/2H£+1 * Rz+1> H$+1 £+1

(3.27)

The last equation can be put in a form where higher order terms can be

separated from lower order ones by expanding the matrix inverse term.
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To simplify the algebra, a new variable M£+1

* »*
-H _.P _H
241 111 T R

Mper = Hp1Ppiafpmn + Bpa

The matrix inverse is now written as

(4P pr e

H' _P H' ' + R -1 M*-l I+ 2[E 25K
0+1 g+1/4 p+1 z+1> Tt t 241 g1/

*
+ 2

Hz+1pz+1/z[%z+1‘

is defined by

(3.28a)

(3.28b)
* HT M*-l
2+1/8 p+1 p+1

-1
T *-1
J7 7k + vor)

~ 71 *-1 ~EK * T * ~EK %=1
= - : E :
Mper = 2Mp g [Eg+1 Xz+1/z]Pz+1/sz+1 ¥ Hz+15+1/z[ 241 Xz+1/zI)Mz+1

(3.29)

When (3.29) is substituted in (3.27) and only first order terms retained

it can be seen that

* * * T  x1 *

= _P
Povt = Ppar/p ~ Porzepei™er HpiFriass

* T _*1 [ _~EK ] * T * [ ~EK T
* 2P 1M ( B 1 * g1 /0] P10 1Py Ez+1/z‘xz+1/z]

.

M*—l P* o * T ¥*-1
p+1 Hpe1Ppr1/0 7 2Ppu1/p

E 3K M TH P + H.O.T
M TSR V7] RIS ey S| R ) et

HypaMpa [Ez+1:

]

(3.30)

Equation (3.30) and (3.26) show that the non-linear equations for the

extended Kalman filter look like the linear equations with higher order

terms added. An approximate solution is then obtained by getting a

-
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zeroeth order solution which ignores all the non-linearities and sub-
s tituting this linear recursive solution back into the small terms of

*
(3.26) and (3.30). When this is done, the update equations for the P

terms becomes

P* P* T GT
2178 = %Pe% * GRS, (3.31a)

* D P H Mt x

Porr = Fpaa/s ~ Puer/aPpenMoeioniFoansg ¥ e 30310)
where, after some manipulation,

T "1 ~
= - M M
Tpe1 = “2Ppi1/gpn z+1[Ez+1'xz+1/z]Pz+1
-2p E _:% Twlu p (3.31c)
z+1[ £+1° z+1/z} £+17+1 g+1/8 e

Equations (3.31la) through (3.31lc) can be written in error equation form

by subtracting them from the linear update equations for the covariance

to get
EK * EK T
- _ - 3.32
BPo1/e = Poersp T Tarizs T 95% 0 (3.32a)
and
EK EK T -1 EK T -1
= M H P
APyt = pi1/e t Puratpa™p1® g /g 1M g1 g Ternsg
E T -1 T -1 E
—APK K

41788001101 P o1 /0 T Praa/ g ¥ g1/

-T + terms of order (APEK)2
2+1
~ EK~
= AP -7 3.32b)
%e1/0°0 Ppe1ss T T (
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with

APO =0 (3.32¢)

The solution to (3.32b) is written in summation form as

+
Zi p41/1 H 1/t (3.33)

The solution to (3.26) is now writfeh as

~EK -~ ~EK T -1 T A AT
g1 = Sty * (- Pz+1Hz+1Rz+1Hz+1><quz * [6z‘xzxz ) szz]>

P _H. R +% H(x ) x0 - % 27
2417 g1 g4 1) g1 _z+1'< p+1% g+ T Fpaasg g+1/z)

T -1 ~
2+1/é] Rz+1<vz+1 * Hz+1xz+1/z>

~

2P£+1[Eg+1.x

EK T -1

B AP£+1H£+1 £+1<vz+1 + Hg+1xg+1/z> ' (3.34)

We now take the expectation of both sides of (3.34). Since the term
APifl consists of a summation of terms involving the linear filtered

~

stimat up to X we know it will be orthogonal to v X
estimates up *ge1/4 & 241" Fge1/8
and qﬂ. The other terms follow from Appendix B. Hence,

~EK ~ ~EK T —1
E{Xz+1} = Y12 { } * <I = Prafpafa z+1>[%2 Pz]

T -1
- Pz+1Hz+1Rz+1[Ez+1'Pz+1/z] (3.35)

The covariance of the EK filter is computed much like the least square
filter and turns out to be exactly the same as that given in Egs. (3.20)

and (3.25) for that case.
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3.3 Mean and Covariance of the Error in the Approximate Minimum
Variance Filter (AM)

As with the previous two algorithms, an error equation for this
filter is found by differencing Eq. (2.52) with the state equation to
get

T
~AM ~AM . T _ /\AMAAM _ 0¥
Xoe1 = Y%y F [%'ngg *2 %1 ] [%'Pz/z] + G,

X T ~AM -1
h Pz+1<Hz+1 * Z[Ez+1‘xz+1/z]> R

T
~AM _ T _ AAM  AM
<Vz+1+Hz+1®zxz *H Gt [Ez+1'xz+1xz+1 Xz+1/zxz+1/z]

T ~AM AAMT

H g8, X X |- H [%:Pz] - [Ez+1’Pz+1/z]>

(3.36)

Since obeys the same update equation as the extended Kalman filter

APZ+1 ~AM

with XEK replaced by x we can immediately write down the approxi-
mate solutions to the above equations by first ignoring non-linearities
and then resolving the equations with linear solutions substituted into
the terms which are small. When this is done, the approximate solution

to (3.36) becomes

~AM ~ ~AM T A AT
= - S N - - H
X1 = Oy (17 Py z+1><quz * Egz ) szz] [@z Pz])

= Poafpafpa <Vz+1 * [Ez+1'xz+1xz+1 - xz+1/zxz+1/z]

T -1 ~
&Q+I'PE+1/2]> * APE+1H£+1R2+1 (Vﬂ+1 * Hz+1xz+1/z>

[ T —1 ~
" PPp [Ez+1"‘,e+1/,e] Rpe1 (V/g+1 ¥ /2) (3.37a)
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X =0 (3.37b)
Hence, we see that
E{;:M} =0 (3.38)

When the covariance computation is carried out, it is again found to be

the same as that for the least square and extended Kalman algorithms.

3.4 Mean and Covariance of the Error in the Iterated Extended
Kalman Filter (IT)

In order to obtain the error equations for the iterated filter it
is first necessary to write Eqs. (2.59a-j) in a single step form. When
this is dohe and second order terms discarded it is immediately seen
that the iterative step produces only changes of order E from the first

step. Hence, in all the small terms involving x( ) or x( )

it is
irrelevant which one is used. This reasoning leads to the analytically

useful single step form:

~(IT) ~IT . /\ITAI’II
xk+1/k = ®kxk + 6k.xk X, (3.392a)
IT IT IT I
v = 2 + Y X 3.
Vel /k = Mier1 ke /k [Ek+1 Xk+1/kxk+1/k] (3.39b)
IT IT IT ITT -1 IT
N — N _ /x\
*r+1 etk T Pt Mot ®rer \Tker T Mot Mke1/x
T
~AIT AIT AIT -1
. ) . R
B Pkl ¥k [hk+1'xk+l]-Pk+1Hk+1 K+1

AIT
_ 3.
<yk+1 yk+1/k>>+ HOT (3.39¢)

IT A ~IT
Hk+1 = Hk+1 + 2[#k+1'xk+1] (3.394d)
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-1 -1 T

IT IT IT -1 _IT
- R .
(Pk+1> (Pk+1/k) o R (3.39%)

In (3.39¢c) the appears since all the P type terms can be written

P

k+1
as the linear P plus small corrections which produce only higher order
effects in the relevant term. The error equation for the iterated filter

can now be written as

T
;IT =0 %17 + 'X xT - §IT QITT + G a
k+l = kK k ) k 'k

IT ITT -1 AIT

o x
M (Pk+1 + APk+1) Hr1®ie1 Vet e (k K OO%

6 ox x - 252N |2 x % - 2T QITT
1% K"k T %k Tk k+l k41 k4l k+1 k+l

+

~IT T -1 ~IT
: R
2[Ek+1 Xk+1] Preifesn e (Vker * Hk+1<ékxk * Geay

+

& :x x. - AITQITT + |E _:x xr gt QITT
K *xk T *k Tk k+1 Fkel k+1 kK+1/K k+1/Kk

(3.40)

The term Apizl can be computed from the same equations used to compute
EK

APk+1’ namely (3.32b-c), with the driving term [I' being replaced by
r,_. =-2p nooM . 5k P
kel = " 2Piin ke Mt [Pren Fre1/ken] Pt

N

T -1
- : P 3.41
2Pk+1[Ek+1 xk+1/k+1:] Mk+1Hk+1 k+1/k ( )

As before, (3.40) is solved by replacing the small terms with their linear

equivalents and using the properties of these random variables to obtain
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a forward difference equation for the iterated filter bias:
~IT ~ ~IT ' T _-1
E = o (- H )[@:
{Xk+1} k+1/k E{Xk } AT P M P (B R
T T -1 T -1
- 2|E :(P H R )] H R E :P
Pk+1 [ k+1 k+1 k+1 k+1 * k+1 k+1 [ k+1 k+1

E{;ST} -0 (3.42)

The covariance of this filter will again be the same as that of the

other three algorithms.
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4. EXAMPLES

Introduction

In order to gain some insight into the use of the bias expressions
given in the last chapter, some simple examples are presented. The
first deals with the general problem of parameter estimation and com-
pares the results obtained by Breakwell (Ref. 5) with those in Chapter
3. In the second example the bias associated with applying the least
square, extended Kalman, or iterated algorithm to a simple one dimen-
sional parameter estimation scheme is carried out numerically.

The third and fourth examples consider a simple dynamic plant, with
observation and dynamic non-linearities, respectively. These bias ef-
fects are considered separately since they simply superpose when both
are present., It should be emphasized that the biases associated with
any particular problem are very much a function of such parameters as
initial covariances. Hence, it is dangerous to draw generalizations

from the numerical data presented here for other problems.

l

4.1 Bias in Parameter Estimation with Slight Non-Linearity

The simplest type of system for which the equations in Chapter 3
are relevant consist of a set of constants which are elements of a vec-

tor

X = (4.1)

whose values are to be estimated from the (slightly non-linear) observa-

tions
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T
Vi = Hkxk + [Ek:xkxk] + vy k=12, ..., N (4.2)

where Ek is small, In this case Egs. (3.15), (3.35) and (3.42) which
give the estimation biases for the LS, EK or IT algorithms simplify con-
siderably. In fact the transition matrix which occurs in the error tran-
sition matrix, defined in (3.16), becomes the identity matrix. Further-

more, only one index in the covariance is necessary so

Pz/N Ay PN (4.3)

With these relationships we further simplify by writing

T -1 ) ( -1 -1 ) -1

- H =P P - = .
(I Pz+1Hz+1Rz+1 2+1 L+1\ g+1 Hﬂ+1Rz+1Hz+1 Pz+1pz (4.4)
When these relations are used in the bias equations mentioned above with

-1
each equation multiplied through by P +

P41’ they become

-1 _{~1S -1_f~LS T T -1 T -1 [
PZ+1E{XE+1} = Pz E{xz } - 2[Ez+1.(PNH[,+1RZ+1)] -HZ+1RE+1 hEz_'_l.PN] (4.5a)

-1 _ ~EK -1_ f~EK T _-1 o]
Pz+1E{xz+1} =P, E{xﬂl } - Hz+1Rz+1[EZ+1.P£J (4.5Db)

-1 _f~IT | _ -1 f~IT) _ T T —1)]
Pk+1E{XE+1} = PZ E{xﬂ } 2[#£+1.(P£+1H2+1R£+1
(4.5¢)
T _-1
- H2+1Rz+1[#2+1'Pz+1]

with zero initial conditions on the biases. To compare this with the

results obtained by Breakwell (Ref. 5), the equations are solved and

written as

N
E{?:LS} = -p Z H?R’.l [E.:P ] + 2[E'I,‘: (P H’I,‘R_.l)]> (4.62)
N N = \33 JN JVNF ]
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<HTRT1[E.:P, ]> (4.6b)
JJ j oj-1

N
E{;IT} = -Pp S <H'?R_,1[E_:P,] + 2[ET:(P_HT_R'.1>]) (4.6¢)

5:1 J 3 J 3 J JJJ
Now Breakwell has derived bias equations for the case where the yj are
scalars (so that Rj is a scalar) and Rj is unity. It turns out that
Egqs. (4.6a-c) do not bear a one to one correspondence with Breakwell's.
The difference, however, is entirely attributable to differences in as-
sumptions about the meaning of the a priori covariance P. 1In the de-
velopment of Eqs. (4.6a,b,c) it was assumed that the true initial state
X was a sample drawn from a group having a probability distribution

0

with a known mean ;b and covariance PO. This may or may not be a

good mathematical model for a particular situation. It does enjoy the

advantage, however, of giving the information necessary to use a Bayesian

approach to utilizing a priori information to start the estimation schemes.
On the other hand, Breakwell started with the interesting assumption

that §6 is a "pseudo-measurement' of XO contaminated by zero mean

noise having covariance P.. Thus the error % is interpreted as be-

0
ing centered around the unknown mean XO, whergas in the Bayesian ap-
proach it is centered around the known mean Eb. Figure 1 schematizes
the assumptions made in each of the approaches.
An alternate way of looking at the difference between these two ap-
proaches is to say that Breakwell computes the bias conditioned on know-

ing what the true value of the a priori state is. That is, he computes

the condittional mean
N
E{xk - xk/xo}

whereas the means computed in Chapter 3 are based on

N
E X xk/E{xo} = X,
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PXO(XO)

o fp——————————

(a)

Bayesian: Eb known and interpreted as

mean of random variable XO

]
I
o

(b)

Pseudo-measurement: a sample §b is known
and is assumed distributed with

zero mean about true XO

Fig. 1. DIFFERENCE BETWEEN PSEUDO-MEASUREMENT
AND BAYESIAN APPROACH TO A PRIORI KNOWLEDGE.
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When Breakwell's results are generalized and separated to obtain a
form comparable to Eqs. (4.6a,b, and c¢) they look the same except for

an additional additive term given by

N
S
j=1

<HrI,‘R__1 [E,:P ] + [E,I“:(P H,R'.1>]> (4.7)
JJjg L3 N J JJ

This term, when added to each of Eqs. (4.6a,b,c) does not change the
basic conclusions reached regarding the long term behavior of the biases
but it does change the sign and possible conclusions regarding the bias
in the case of little data.

With reference to Eqs. (4.6a,b,c) we can make many of the comments
made by Breakwell. For example, although the least square weights all
the non-linearities with PN’ and the iterated weights them by Pj
(both of which are presumably smaller than Pj—l which occurs in the
extended Kalman filter) there are three times as many terms in the for-

mer cases, so that the last may actually be the best. A simple example

which points this out is investigated in the next section.

4.2 A Numerical Example of Scalar Parameter Estimation Bias with Small
Non-Linearity

The simplest example which can be considered is the problem of es-

timating a scalar constant ¢ using observations

2
y; =¢ + €+ v, i=142, ..., N (4.8)

i

where vy is a zero mean white noise process with covariance r and <c
has a priori covariance po. The inverse covariance update equation

gives

p, = ——— (4.9)

+
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Hence, making the proper substitutions in Eqs. (4.6a,b, and c¢), all of

whose terms are scalars for this example, the biases become simply:

N N
~LS) 3r z A z 1
E{cN } = - z 2 eScy 3 2 TN (4.102)
TN j= j=
Po
N N
E ‘c“EK} e N € A z — L (4a.10b)
N R — /. N&Zgoa+rj-l
Z eI (-1 J=
P, P,
N N
~IT 3r z € A 1
E{CN } = - = C . 3 Z A (4.100)

/"U\
=) l”
+
=4
~——
[

Il
sy
o
o
+
[}
N~
2
()
Il
it
Q
+
[}

The relative sizes of the biases have now been reduced to a function of
two parameters, the ratio r/p0 defined here to be ¢, and the number
of observations N, The LS and IT bias have an unfavorable factor of
three (3) as compared to the EK filter, but the individual denominator
terms in the EK filter are larger, reflecting the fact that a predicted
covariance 1is used in each term.

For large N, i.e., N >> g, the term which gives the relative

bias of the LS algorithm is approximated by

N
3 z 1 __ 3N _3 (4.11)
j=1 o+ N a+ N

The pertinent term in the iterated filter can be evaluated by not-
ing that the summation looks much like a coarse partition used to eval-

uate the Riemann integral

N+1
1
jﬁ dx
o+ X

1

50



Simple geometric considerations then lead us to write

fn (N + 1 + ) + 4n (1+o¢)§J§1a+j§zn N+ o) - 4n (1+a)+a+1
Hence, for
N>1+ ¢«
N
3 z aiJ_gB,@n ) (4.12)

-t

J:

The EK summation term can be similarly evaluated by writing

N N
1 1 1 1

2——+-_1=—' +N+z +.~l+£n(N) (4.13)

J.=1O.’ J 04 (04 J.=10L J o

N>1+q

From Eqs., (4.11-4.13) we see that for large enough N, the LS bias
will be the smallest. When /gn N >> 1/¢, the EK bias will be about one-
\third of the iterated bias so that iteration would probably not be as
advantageous as using the simpler EK. However, the term 1/¢ is likely
to be large, reflecting a large a priori uncertainty relative to the
weighting put on data. For example, if p0 is taken as ten times as
large as r, 1/0¢ takes the value ten (10). Hence, N must take on
the value 10,000 before gn (N) even reaches a magnitude comparable to
1/¢. For any particular problem the point where the EK bias becomes
less than the iterated bias is likely to be more interesting than the

limiting case. For small ¢ this will occur when

4n N = — (4,14)

)
Q
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For moderate values of N and ¢, it is entirely possible that
the coefficient 3 in Eqs. (4.10a-c) is a dominating influence so that
the simple EK algorithm would have the lowest biases.

Figure 2% depicts the bias histories for E = ,1, an initial co-
variance P0 chosen as .1, and three noise variance cases, with respec-
tive values of .009, .01, .011, This gives fairly small values of (
(.09, .1 and .11 respectively). In these cases the least square bias
is always the smallest. The iterative bias is less than the extended
Kalman initially, but after a while, the EK filter actually has the
smaller bias. The crossover actually occurs at about 170, 90 and 65
points, respectively whereas the rough approximation given by (4.14)
would have placed the crossovers at 245, 150 and 90 points.

The interesting case where the EK filter is actually the least
biased initially is plotted in Fig. 3. The case depicted here repre-
sents a measurement noise covariance of .1, That is, the a priori
covariance contains about the same information as a data point so that
o = 1.0. For this ¢, the iterated filter always has a larger bias
than the EK. The least square estimator always becomes the least biased

after a sufficient number of data points are considered.

4,3 A Dynamic Example with Small Observation Non-Linearity

A simple two state dynamic system with small observation non-lin-

earity can be written in terms of the two scalar difference equations

Z = @zk + (1 - o) Cp * q

k+1 k

(4.15a)

*
Since logarithmic scales were most convenient, the negative value of

the biases is plotted in Fig. 2.

52



*VHd'IV TIVNS HLIM ASYD OILVLS ¥0d SATUOLSIH Svid g °31d

S1NIOd v1vQ J0 H3I8ANN S.INIOd v1vad 40 ¥38WNN S1NIOd vivd JO ¥38WNN
00¢ 00¢ 00l 00¢ 002 00l oo¢ 0107 00l
I 1 L) 1 I r 1 1 U I L) I 1 T 1 1 1 _Oooo.
3 1000°
L
>
@
>
7]
100°

53



.0l

[74]
<
2]
= ,00i
v
0001 1 Y S | Lol 1 i 1 gl
| 10 100
NUMBER OF DATA POINTS
Fig. 3.

NEGATIVE OF BIAS HISTORIES FOR STATIC EXAMPLE WITH IARGE ¢ (= 1.0).
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and an observation equation

Ve = B t €%+ V (4.15b)

Such a mathematical model might be used to describe a physical system
designed to measure the constant ¢ where the transducer is a first
order plant with unity steady state gain. The white, zero mean noise

q (having covariance Q) is a perturbation at the input of the trans-

k

ducer, whereas the is a white noise with covariance R corrupting

v
k
the output. If we ignored the non-linearity € and transient effects,

this would be a problem in extracting the mean ¢ from a series of data

points containing both colored noise due to qk and white noise due to
Vk-
The covariances associated with processing the data yk when ¢=0
(the linear problem) are independent of the data yk and will be defined
by
Elz % } b (x/N) (4.162)
k/N"k/N 22z
E{E‘ s i%p (4.16b)
N'N cc
elz 2 Vo5 (4.16¢)
k/N°'N cz

The index k has been dropped in (4.16b) since ¢ 1is a constant. One
index will also be dropped when both take on the same value. With these
definitions the bias Egqs. (3.15), (3.35) and (3.42) reduce to the three
pairs of coupled difference equations summarized in Table 1. These com-

putations were carried out numerically for the case where ¢ = 0.95,

*
e = 0.1, pzz(O) = 0.20, pcz(O) = 0.0, pcc(O) = ,02 and R was

*
Some cases were also run with pec(0) = 0.2. These gave results very

similar to those obtained using the smaller value.
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Table 1

BIAS EQUATIONS FOR SMALL OBSERVATIQN NON-LINEARITIES

least Square Bias

~ ~LS ~ ~LS 3¢
} = @Zz(k) E{zk } + @Zc(k) E{ck } il pzz(k-+1)pzz(k.+1/N)

w

o~ ~LS ~ ~LS _ ___€_
} = ¢Ez(k) E{zk } + ¢Ec(k) E{ck } = pzc(k-+1)pzz(k-+1/N)

Extended Kalman Bias

~ ~EK ~ ~EK
} = (k) E{zk } + @Zc(k) E{ck } -

=m

vz pzz(k-+1)pzz(k-+1/k)

} = (Pcz(k) E{zk } + q)cc(k) E{ck } - pzc(k+1)pzz(k+1/k)

= |m

Iterated Bias

~ ~IT ~ ~IT
} = @zz(k) E{zk } + @zc(k) E{cc } -

=| %

pzz(k-+1)pzz(k-+1)

w
m

~ ~IT ~ ~IT
} =3, @) E{zk } + 00 E{cc } -=fp, (k+1)p_ (k+1)

r (k+1) P (k+1)
k) 2 <1 - —z—z—;—> ® 3, ) 2 <1 - iz-ﬁ——-)(l-cw
P (k+1) o P (k+l)
(k)é-—ZR——cp 3 ) =1 - (1-9)
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chosen as ..04. Figure 4 depicts the bias in the estimation of ¢ for
three cases: mno state noise (Q@ =0), Q= .0001 and Q = .001. With
only a few data points, the least square estimator is always the least
biased, the iterated is second, and the extended Kalman, the worst.

This is attributable to the fact that the a priori covariance is weighted
out the fastest by the LS estimator, and the slowest by the EK estimator.
However, as the dependence on initial covariances dies out, the bias
seems to go through a region where the factor of three in the IT and LS
algorithms makes their bias larger than that of the EK. This is in con-
tradistinction to the static example where the LS estimate always has

the smallest bias.

For the case where @Q = O, depicted in 4a, some special calculations
were carried out to confirm the fact that eventually the LS bias would
become smaller than the EK. This happened at between 11000 and 12000
data points.

The effect of state noise seems twofold. 1Initially it reduces the
bias over the non-state noise case by damping out the effect of a priori
information. When a large number of data points are used however, it
has the opposite effect, since all the non-linearities become weighted
by larger values reflecting the fact that the state noise forces in-
creased estimate uncertainties. It appears that the region where the
EK estimate is better than the LS estimate is likely to be much larger

for increasing state noise covariance.

4.4 A Dynamic Example with Small Dynamic Non-Linearity

This section, like the last, considers a simple two state model,
but with a dynamic rather than observational non-linearity. The dynamic

equations are

c = cC (4.17a)

57



0025

(5]
w .0020
o
W
2 0015
Z
% .0010
w
z
~ 0005
a
0025
0020
(&)
w
S .00I5
-
3 .00l0
=
(72}
W 0005
Z
< 0
@
0015
.0010
©
S
> 0005
-
- ¢
P 0
-
0
2 ~-0008
)
< -.0010}
4]
- .00I5}-
] llllllll ] llll'“l [} llllllll [} |l||l|l|

| 10 100 1000
NUMBER OF DATA POINTS

Fig. 4. BIAS HISTORIES FOR OBSERVATIONAL NONjLINEARITYIN DYNAMIC PROBLEM.

58



The observation equation is simply

Ve = % T Yy (4.17b)
The relevant bias equations are summarized in Table 2. The parameters
are identical with those given in Section 4.3. ¢ 1is chosen as .1. In
the case of dynamic non-linearities, the EK and IT biases are identical.
In Fig. 5 these are compared with the LS bias, which, for any given value

of state noise, is always the smallest.
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Table 2

BIAS EQUATIONS FOR SMALL DYNAMIC NON-LINEARITIES

Least Square Bias

p  (k+1)
~LS ~ LS ~ ~LS zZ
E{zm} 3 00 E{zk } + 0 E{ck }+ e(l - _E‘—> p_(k/W)

=

Py
el

o

+ 0

[y

e g
I

o~ ~LS ~ ~LS
= qzz(k) E{zk } + @Cc(k) E{ck } - € pcz(k+1) pzz(k/N)

Extended Kalman and Iterated Bias -

p  (k+1)
~IT ~ ~IT ~ ~IT 77
E{zk+1} =5, E{zk } + 3 G0 E{ck } . e<1 - ———R——> p_ ()

B{zlT }— 3 ) E ”IT} %) E{~IT sl (k)
{Zk+l = Pz {Zk * e °r € R Pz
N A p z(k+1) - A p z(k+1)
cpzz(k) = <1 - 7 0] cpzc(k) ={1 - T -0
- A P z(k+1) - p  (k+l)
wcz(k) R ¢Ec(k) =1- R @ -
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PRECEDING PAGE BLANK NOT FILMED
5. CONCLUSIONS AND RECOMMENDAT IONS

5.1 Conclusions

The examples in Chapter 4 point out some interesting characteris-
tics regarding estimation biases associated with using an extended Kalman
(EK), iterated Kalman (IT), or least square (LS) algorithm to filter data
from slightly non-linear dynamic systems. Several of these characteris-
tics are in good agreement with results obtained by Breakwell for the
parameter estimation problem. For example, for small amounts of data,
the LS algorithm has the smallest bias, the EK filter has the largest
bias, while the IT filter bias has an intermediate value. Another phe-
nomenon which parallels Breakwell's observations is the tendency of the
IT filter to give the largest bias after a large number of data points
have been processed, even though state noise may be present. Very large
values of state noise may give different results.

The dynamic problem possesses the interesting property that the LS
bias due to observational nonlinearities can actually be larger than the
EK bias after a large number of data points. With no state noise the
LS will eventually be the least biased but this may require a vast number
of data points. Numerical results indicate that, with state noise, the
LS bias may never become as small as the EK bias.

In general, the bias equations derived in Chapter 5 show that for
small dynamic non-linearities (as opposed to observational non-linearities)
the EK and IT filters have the same bias. This bias will generally be
larger than the LS bias.

Finally, a filter is developed that removes the biases inherent in
the other algorithms. By carrying second order terms, both the effects

of small dynamic and observational non-linearities on the estimate bias

are removed.

5.2 Recommendations

The hypothesis required to obtain the convenient computational ex-
pressions derived in Chapter 3, involved fairly strong assumptions about

the size of the variances of the random variables involved in the problem.
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The net effect of these assumptions is to limit the size of the biases
of the state estimates to a fraction of the covariance of the state esti-
mates. This leaves an important question to be pursued.

The question concerns realistic problems with blatantly moderate
size non-linearities. Although it is necessary to assume small non-
linearities to get the fairly tractable results of Chapter 3, one hopes
that relative characteristics of the different filters displayed in the
examples in Chapter 4 carry over larger non-linearities. It would be
interesting to take a particular problem and determine if this is true.
This could be done using Monte-Carlo techniques if no analytic solution
presented itself.

A second question concerns the impact of coordinate transformations
on the algorithms. It would be interesting to determine the possible
benefits of using coordinates where the non-linearities become either
all dynamic or all observational, since the two have different effects.

This may lead to a better iterative algorithm.
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APPENDIX A

This section shows that the linear two point boundary value in
Chapter 3 is the solution to a least-square problem associated with
linear systems, and then derives the recursive solutions used in find-
ing approximations to the slightly non-linear problem.

The equations are obtained by minimizing the quadratic performance

criterion

1 _2 T _-1[= A
*=3 [Xo B X(O/N)] P, [Xo X(O/N)]
N
1 Al T -1 ~
t 5 L [yi - Hix(l/N)] R, [yi - HiX(l/N):I (A.1)
i=j
N-1
1 A _=1A
+3 £ 94,9, 9,

with respect to the X and a subject to the constraint
(1 + 1/N) = 0_X(i/N) + G.q (A.2)
x(i + 1/N) = ix(1 + Gq; +u, .

This problem is solved by adjoining the constraints (A.2) to the per-
formance criteria with a sequence of Lagrange multipliers }(i/N) to

obtain

N-1

0= ¢+ z 7\T(i/N)|:®i§(i/N) + Giai +u, - X+ 1/N)] (A.3)
i=0

With a little rearrangement, the last equation can be rewritten as
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i

1 ~ . T -1 AL 1 AT -1A
+ 2 {5 [yi - HiX(l/Ni] Ri [?i - Hix(1/N)] + 3 qui q

WY

T, . N A A
+ A (1/N)[éix(1/N) + qui +u, - x(i + 1/N)] (A.4)

T - N 1 . ~ T -1 A~
+ A (O/N)[éox(O/N) + Goqo] + 3 [yN - HNX(N/Ni] RN [yN - HNX(N/N)]

1 AT -1A T
+54 Q, a4, - A

0% 9 N_1x(N/N)

Differentiating with respect to aj and setting the result to zero

gives
-~ T, ,. .
a4y = "GN/ j =0,1,--,N-1 . (A.5)

Differentiating with respect to X(j/N) (j = 1,--,N-1)

T -1 A
R, ., - H.x(j/N . A.6
ny [yJ JX(J/ )] ( )

T
ANG - /N) = 0N\, - H
JJ
Differentiating with respect to Q(N/N) gives

AN - 1/N) = —H;ngl [yN - HN;’E(N/N)] A.7)

But equivalently, we can assume Eq. (A.6) holds for (j = 1,--N) with
A(N/N) taken as zero. Differentiation with respect to x(0/N) gives

a final necessary relation:
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-1 A T
—P0 [XO - x(O/N)J + QOX(O/N) =0 (A.8)

All the equations for solving the least square problem can now be summa-
‘rized. Equation (A.5) is substituted into (A.2) to get one Nth order
difference equation while (A.6) gives another. Equations (A.7) (with
the accompanying remark) and (A.8) give 2N Dboundary conditions. In

particular, we must solve

/\. _ A. _ T

x(i + 1/N) = ®ix(1/N) +uy GiQiGix(l/N) (A.9)
. _ T _ -1 _ ~ . . __
AN{d - 1/N) = ®i%(1/N) H.R, [yi Hix(l/N)] i=1,2,--,N (A.10)
with
ANN/N) =0 (A.11)
T —_— ~

P0®0)(O/N) = XO - x(0/N) (A.12)

The recursive solutions to Eqs. (A.9) through (A.12) can be found
using sweep methods suggested by Bryson (Ref. 7). This is done by
breaking the solutions of (A.9) and (A.10) into homogeneous (yi =0)
and particular solutions. To do this, we first rewrite Eq. (A.10) in

forward form:

. _ -7 T -1 T .
AL + 1/N) = ®i+1(? + Hi+1Ri+1Hi+1GiQiGi> A(L/N)

(A.13)
-T _T -1

+ 0 i) e

- H, [<I>.§(i/N) + u.]
i+l i i

and consider a set of particular solutioms §p(i) and xp(i) satisfy-

ing (A.9) and (A.13) with initial conditions.
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Il
"

Xp(O)
(A.14)
%p(O)

il
o

The solutions are then written as the sum of the particular solutions

and the homogeneous solutions §h(i/N) and xh(i/N) so that

2(i/N)

§h(i/N) + §p(i)
(A.15)
A(L/N)

%h(i/N) + %p(i)

When (A.14) is substituted into (A.15) and the result used in the bound-
ary condition (A.12), the relation between the initial conditions on
the homogeneous solutions becomes
T
P
0®0%

h(O/N) = —Xh(O/N) (A.16)

Equation (A.16) shows that the whole 2n X 2n transition matrix associ-
ated with (A.14) and (A.16) need not be computed to find all pertinent
homogeneous solutions. Instead, we can consider only those columns cor-

responding to

— .
1 0
0 1
0 0
ATl MFLL|
L ]

with
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FIT _bq
0 1
0
T ) T
Xh = "'P0®0 ’ Xh = "‘P0®O ’ .
. |

so we need only solve for the reduced 2n X n transition matrix solving

(A.14) and (A.16) which is defined by

X(k)
k=01,--,N (A.17)
A(k)
and satisfies the initial condition:
X (0) —POQg
= . (A.18)
AC0) 1

With these relations the homogeneous solution can be written as

x, (k/N) = X(k) A (0/N)
(A.19)
xh(k/N) = Ak) xh(O/N)
In particular, the terminal values are
xh(N/N) = X(N) %h(O/N)
(A.20)
Kh(N/N) = A(N) %h(O/N) .
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The terminal condition (A.11l) requires that
Kh(N/N) + KP(N) =0

or

A, (N/N) = -7\p(N) . (A.21)
Relations (A.20) and (A.21) can be combined to get
X, (N/N) = -X(N) Ao A, (A.22)
so that the desired solution to the TPBVP is
RN =R+ R avm = R a0 - xe) ATe0 A, @.23)

where all the terms in Eq. (A.23) are computed in a forward computa-

tional pass. We can note from the symmetry of this equation that

A A . . -1 . .

x(3/3) = Xp(J) - X(3) A T(3) 7\p(J) (A.24)
is a forward formula which satisfies the TPBVP where summations involve
only j pieces of data.

The well known recursive solutions for (A.23) can be obtained by

defining

P, .= Xx(GG+ D AYTG+ D) @;T . (A.25)

Jj+1 +1

From the homogeneous versions of (A.9) and (A.13) we deduce
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T
P, = =-10.X(j) - G, .G.A.')]
J+1 [J J J% J(J
-T T 1o
. ®j+1[11 + Sj+1GijGj> A(G) - Sj+1®jX(J{] ®j+1

(A.26)

-1 T T -1
-0.X(j j Q.G. | - Q.G. ) - 5, X(J j
[ JX(J)A ) + GJQJGJ] [(I + Sj+1GJQJGJ> SJ+1®JX(J)A_ (J)]

-1
[@,P,@T + G.Q,d?][x + s, (@_P,@? + G.Q.GT)]
JJ3J R N I S S B J733

For convenience we can introduce the term

A T T
P, . =9 P O, + G.Q.G, (A.27)
j+1/3 333 333
so that
P _ =P (1 +6S, .P )71
41 7 T 5+1/3 J+17j+1/3
(A.28)
T T -1
=P, . - P, H, (H. P, H, R, ) H, P, .
j+1/3 J+1/373+1 V541 j+1/53 5+1 + j+1 J+175+1/3
Equation (A.25) is used in (A.24) to obtain
RG +1/j+ 1) =% G +1)+P, 0 A G +1) (A.29)
x(j + j + = xp j + + S+1 j+1xp j + .

But in (A.29) we can substitute for the particular solutions from (A.9)

and (A.13) to get
~ A T
x(j + 1/ + 1) =3 x (j) +u, - G.Q,.G.A_(j)
G+ 1/3 ) = 0E, (3D + g = 64Q,G AL (S

T -T T) .
Pj+1®j+1®j+1(1 Sj+1GijGj %p(J) (A.30)

T -T T -1 (
P o} o H - j
* j+1 j+1 j+1 j+1Rj+1iyj+1 Hj+1l§jxp(J) * uj]}
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When Egs. (A.27) and (A.28) are used in (A.30) and the result regrouped,

it can be seen that

~ A T
i+1/3+1) = i j P.O j
x(j+1/j+1) ®j[xp(3) + 3 jxp(g)] + uj
(A.31)

T -1 -1 ~ T
P, H., _R, . - H, d.Ix_(3) + PO, (‘)] + u,
j+1 41 5+1)Y 341 J+1< J[ pJ J pr J J

T -1

~ Y . [ - .
= 00/ v uy e T e fer ]

In the sequel we define

X + 1/3) = ®j§(j/j) +u (A.32)

The forward solution of Egqs. (A.27), (A.28), (A.31) and (A.32) with ini-

tial conditions P0 and

%(0/0) = 56 (A.33)

for N points gives a solution to the TPBVP for §(N/N). Using KN =0
we would now simply solve (A.9) and (A.10) backwards to obtain §(j/N)
and A(j/N), j=N-1,N-2,--,0. However, these backwards solutions
tend to be numerically unstable and are not in a convenient form for the
purposes of Chapter 2. Hence, we shall derive several alternative for-
mulas for finding the smoothed values g(j/N). These formulas will be

functions of the filtered quantities §(j/j).

Fixed Point Forward Smoothing

We will now find a solution for X(k/N) in terms of 2 (k/N-1) and
Rk + 1/k). We begin by assuming solutions for X(k/N-1) which are
obtained from using all the relations obtained above with the index N

replaced by N-1, To get an expression for the Nth  term Eq. (A.21)
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is substituted into (A.20) and the resulting equation is solved for

%h(O/N). This is substituted into (A.19):

~ -1
xh(k/N) = =X(k) A (N) 7\p(N)

Note that for k <N, exactly the same relation holds for

Qh(k/N -1) =

“X(k) ATT(N - 1) AN = 1)

When (A.34a) is used in (A.15),

~

L (k/N) = xp(k) - xX(k) ATTan 7\p(N)

(A.34a)

N-1 so

(A.34b)

(A.35)

But xp(N) in the last equation is simply the particular solution to

(A.13) starting with the initial conditions (A.14) and hence can be

written

-T T
7\p(N) = Oy (1 + SNGN_lQN_lGN_1> 7\p(N - 1)
-T -1 ~
- -1
+ @N HNRN Yy HN[?N—lxp(N ) + uN—l]

(A.36)

Next we use (A.24) to solve for §p(N-—1), substitute the result into

(A.36), and collect terms [also using (A.13)] to show

7\p(N)=<D—T[I+SG o .GX . -8

N N N-1 'N-1 N-1 N®N

-T. -1 ~
—_ -1 .
+ & _"H R [yN HNx (N/N )]

N NN

-1
When the A

KO - 1) At - 1)] AN - 1)
- P

(A.37)

term is factored out of the first bracket in (A.37) the

remainder can be recognized as the homogeneous equation (A.13) for A.

Hence
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Kp(N) = A(N)A (N - 1)% (N -1) + @ H R [ HNX(N/N - 1)] (A.38)
(A.38) is now substituted in (A.35) to get the recursive relation
-~ A -1
x(k/N) = xp(k) - X(k)A (W - 1)xp(N - 1)

-1 ~T T ~1] N '
- X(K)A (N)<1>N HNRN [?N - HNx(N/N - 1)] (A.39)

= X(&/N - 1) + W&/N) HER;l[yN - HN§(N/N - 15]
where we have defined
-1 . _-T
W(k/N) = =X(k)A (N)cbN . (A.40)

We recall the definition (A.27) so

1l

W(E/K) = KON GO

(A.41)

A recursive update equation is readily obtained for W by evaluating

(A.40) in terms of A(N-1) from (A.13):

W(k/N)

-1
—X(k){KI + 8,6y 191 N )A(N - 1) - 5.0 XN - 1ﬂ

_ -1 T T T
= X (KA (N 1)®N_1®N_1[} + 8 ( o19o1Gxo1 * @N_le_1®N_1)]

-1

= Wk/N - 1)®, (I + S_P ) (A.42)

N N/N-1

_— -— T -
= Wk/N - 1)o (I - SPL)
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Equations (A.39), (A.41) and (A.42) combined with the forward filtering
equations (A.27), (A.28), (A.31) and (A.32) constitute a forward, fixed
point smoothing algorithm.

Alternate Smoothing Equations

There are a variety of equations which can be used to obtain smoothed
estimates satisfying (A.9) and (A.1d) once the filtering solutions have
been obtained. By storing filtered estimates only one n X 1 matrix
equation, rather than the two equations indicated need be solved back-
wards. The first step in this procedure is to use Egs. (A.19) and (A.20)

to show
A, &/N) = AGOX T (k/0) (A.33)

To get an expression for the particular solution to A Eq. (A.29) is

solved, yielding

~-T

-11a ~ '
Xp(k) = ®k Pk [X(k/k) - Xp(k)] (A.44)

Finally, Eqs. (A.43) and (A.44), combined with the defining relation
(A.25) can be substituted into (A.15) to obtain

-T -1 A A
o) Pk [—xh(k/N) + x(k/k) - Xp(k/N)]

A(&/N) "

(A.45)

®;TP;1[§(k/k) - §(k/N)]

A simple backward smoothing equation is obtainable by solving (A.9)

for §(k/N) and substituting (A.45) into the result. This gives

~ =-1)A =T =1\ | ~» A
x(k/N) = ®k x(k + 1/N) - w o+ GkaGk(Qk Pk )[X(k/k) - X(k/N)]

(A.46)
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This last equation is now rearranged and written as

-1 «1na -1 -1A -1 ~ PN
@k Ck x(k/N) = Qk Ck x(k/k) - ®k [®kx(k/k) +u - x(k + 1/N)] (A.47)
where
-1 -T_-1
Cx = (Qk * G QO o Py )
T T -T_~-1
- (@kpk¢k N GkaFk) e (A.48)
-T_ -1

Pk+1/k <I)k Pk :

When (A.47) is solved we get the desired backward recursive relation

X(&/N) = X(kK/k) - ck[§(k + 1/K) - R(k + 1/N)]

(A.49)

T
= P
k Pka k+1/k

Q
|
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Appendix B

The preceding appendix developed a number of equations related to
generating least square state estimates for linear systems. This appen-
dix briefly derives some of the statistical properties of those esti-

mates utilized in Chapter 3.

The first such property is that the quantities pk+1£k and Pk+1
act h i i
ctually represent the covariance of the estimate error xk+1/k and Xk+1
defined by
X = - % B.1
k+l/k kel | k+l/k (B.1a)
and
X = - R .1b
1 T Trel Tkl (B.1b)
The true state is assumed to come from
Xk+1 = @kxk + quk + uk (B.2a)
with uk known. Observations are generated according to
Y = Hkxk + Ve (B.2b)

The three random variables in this problem are assumed to be the two

~

a and Vi and the initial error Xg = Xg ~ ;0' All

these random variables are taken as being uncorrelated with zero mean.

noise sequences

Their covariances are

NI\II‘
E{xoxo} = PO
T
= .3
E{vkvk} R, (B.3)

T
E {qqu} =Qy
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The proof that P 1is the covariance discussed above is based on

an inductive argument. It is true for k = 0 by hypothesis. We now

assume it is true for k and show that it is true for k + 1. Differen-

cing (A.32) and (B.2a) gives

X

= & x + G q (B.4)

so that
E{ %L } = 0 E{x xk} 5; +GQG

X +1/K k+1/k

(B.5)

il
(=4

ge)
E=)
+

0
O
o)

= Pri1/x

Similarly, with the aid of (B.2b) and (A.32) equations (A.32), (A.31)

and (B.2a) are differenced to get

~ ~ -1

Xl kel = T 7 PriSipr) (B.6)

- P 1%
k+1 k+1” “k+1/k e 1T 1R er 1 Vier 1

The covariance of this quantity is readily seen to be

~ ~T ~ ~T
= (I - I-P )
E{Xk+1/k+1xk+1/k+1} 0= P’ E{xk+1/kxk+1/k} ( k1K1

P P
* P Ske1 Pt
(B.7)
=(I-P .S ) P (I -p _S )T
k+1 k+1 k+1/k k+1 k+1
* P15k Pt
From Eq. (A.28),
P = (I -pP _S y1p
k+1/k ~ k+1 k+1 k+1
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which, when substituted into (B.7) gives
!

~ ~T
= .8
E{Xk+1/k+lxk+1/k+1} Prs1 (5.8)

which was to be shown.
Next some useful outer product orthogonality relations will be de-

rived. The first of these is that

E{;.;T}
1 1

Il
]

N (B.9)

This relation is also proved by induction. In fact, by hypothesis

~ ~ T - T - =T
- = - X = .
E{xo(xO XO) } XOE{XO} Xo¥0 0 (B.10)
We now assume (B.9) is true for i and show this implies its truth for
i=1. In fact

el VAo mf[b% + P s (6% +Gaq)+P _H R I
i tivf T {[ i*i 1417441 %1% i3 P41 i+l il i+1]

~ o~ T -1 T
- - 11
[®ixi-F(I Pi+15:1417659 Pi+1Hi+1Ri+1Vi+1] } (B.11)

When (B.11) is expanded and only the non zero expectations retained,

\

~ ~T ~ ~T ~T
= . E X {
E{xi+1xi+1} PiviSim s {Xi 1}31

T\ T T
E{q.q.} G.(I - P, _S )
11 1

+ P 1417941

S. .G
i+1714+1 4
T -1 T -1
- p. R
Pivifivi i E{Vi+lvi+1} B Pin

T T T
- o -
Pi+lsi+1l?ipi it GiQiGi] (I -P 151

(B.12)
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The term is brackets is identified as P, . and
i+1/i

(I -8 P ) =P

P .
i+l/i i+l i+l i+l

so

~ ~T
E{Xi+1xi+l}_ Pier®i41Pia T PiaSia i 70
which completes the proof of (B.9).
Having derived (B.9) it is easy to show that
E{§j§§} =0 i>3 (B.13)

This is deduced by simply writing

i-1
~ ~ ~ ~ T "1
o= O(i+id + I-P S G -
X (1+J)Xj E ®i—1/k [F k+1 k+1) qu Pk+1Hk+1Rk+1vk+£}
k=j

(B.14)

By hypothesis, Ej is normal to ;j’ and independent of the 8y and
Vk+1 so when (B.14) is substituted into (B.13) the result is proven.

It is slightly more difficult to show that

~ ~T
-0 s . .1
E{xjxi} i< (B.15)

This requires an induction argument. By hypothesis, it is true for j = i.
We assume it is true for some k > i and show this implies it is true for
k +1>1i. First, the estimate §k+1 is written in closed form as

AN

el = Q1%

k
+ Zz ® b WL RN @, 0% +H, Ga,+v
P2 [z+1 IS SR FS A A FERIAY z+1]

(B.16)
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When (B.16) is inserted into the left side of (B.15) we see that the
only term which can contribute to the expectation is the correlation be-
tweenl ;2 and §T. But by hypothesis these expectations are zero so
the result is proven.

It is now easy to prove the two relations used in Chapter 3:

~ ""I‘
E{xz/Nxz/N} =0 L<N (B.17a)
2 X V=0 .
E{xz/Nxz} £<N (B.17b)

The smoothed quantities are just written as sums of the filtered quan-
tities using (A.49), and relations (B.13) and (B.15) used to show all the
terms give zero expectation.

Chapter 3 also uses the relation

A T T
E{xﬂ/sz} = Pz/NHz . (B.18)

One way to get this expectation is to use the forward update equation
(A.39). Before doing this, however, it is necessary to demonstrate that

the smoothed covariance obeys the forward update equation.

. T,/
Poss = Puss-e1 T W(z/J)[sJ, + sjpj/j_lsj]w (£/3)

N>j>£+1 (B.19a)

with initial conditions

>

w(g/8)

il
o)

) Pﬁ/ﬂ (B.19b)

The update for W is given by (A.42). 1In error equation form (A.40) be-

comes
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~ ~

*275 T Fu/3-1

T -1, ~
- W(Z/J)H R~ (H
£/3) 575 ( %5/5-1 * vj)

j=2£+1, £+2, ...N (A.20)

When each side of (B.20) is multiplied on the right by its transpose and

the expectation taken, we get

. . T -
P,rs = Ppyyey * WO/ 8PS S+ W/ W (4/5)

. ~ ~T ~ ~T T .
SRUZILI PG S SN ERRTZR

(B.21)
Using (B.21), we will now show that (B.19a) is true for j = £+1 and

that its truth for any j-1 implies its truth for j. For j = £+1,
(B.21) becomes

T
P, ol st w(e/ 8+ )(Sz+1P£+l/£Sz+1 + Sz+1)w (8/8+1)
- W(£/2+1) S P - P de wT(g/z+1) (B.22)
L+1 4 & L4 p+1 .

The last two terms in (B.22) can be combined with the preceding terms by

using (A.42). For example

wW(L/8+1)8 (1 +P S (I + P )—1®
£+1

1
W(/8+1)S, L 8P, pe1/05041 p+1/85041 %

2+1

WO/ (S, + W (g/g41)  (B.23)

S P S
1 £+1 2+1/8 241

Thus (B.22) can be rewritten

P - W(8/8+1)(S

T
= .24
Poraer = 5y p1t041/05g01 T Spar)W (/041 (B.24)
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which proves that (B.19a) is true for j =£+1. We now assume that
(B.19a) is true for any j-1 and prove its truth for j. We do this

by using (B.21) again. First, however, we induce that

E{~ 3T } = W(/3)(1 + S.P, (B.25)

X X

£/3-13/3-1 Jj/j-1

relying on the fact that (B.19b) is in fact true up to some j-1. The

truth of (B.25) for j = £+1 was essentially demonstrated during the
proof of (B.23). We assume (B.25) is true for j-1 so

~ .\/I‘
E . SX . = W(4/j-1 (I + S P, . B.26
{Xﬁ/J-z J-l/J-Z} 4/3-1) j-1 3-1/3—2> ( )
Using (B.20) and the update of ;, we find

j-1/j-2

~ ~p ~ T -1 ~
= - W j—1 R H
E{XI&/J-IXJ/J'-I} E ["m—z w/3-vr; w7 3-1"5-1/5-2 © Vj—l)]

~ T
. .+ 0, (I-P, 8. )%, . ,~% P _H. R,
[Ga—qu-l J‘l( j-17j-1""3-1/3-2 j-1 j-1 j-1 J-l]

~ ~ T
- E XL I-S, P, )0,
{XE/J-z J-l/J-z} ( 5-1F3-17 %1

. _ T
= W(/3-1)(1 + sj_lpj_l/J_z)(I sj_lpj_l)%_1
w38 T +esp )N (rasp )

j-1 Jj 3/3-1 J 3/3-1
= - P )
w(e/3) (I + S, J./J__l) (B.27)

so that (B.25) is proved. The proof of (B.19a) is concluded by substituting
(B.25) into (B.21) to complete the induction.

With (B.19) proven it is now simple to prove (B.18). For N=/ the
relation is clearly true, as can be shown by using the filtering relation
We now assume it is true for any

N ”~
for as a function of x

X .
8/8 2/8+1
N-1 and show this implies it is true for N. In fact, using (A.39),
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~ T ) T -1 A T
= A -
E{Xz/NVz} E{[gz/N—l Y WU/MRR (g + vy HNXN/N—l)] Vz:
_p H - W(e/N)S, E{X VT} (B.28
= PuNs N VN1 B.28)

Using the filtering relations starting with

~N A T"l ~
*pe1/p T QE[%z/z+1 tOPy Ry (g T MRyt Vz)]

we can see that

. . T
ExpeeYs = %EH

By induction, using these relations, it can be shown that

~ T ] T T
E{xN/N_lvz} = O (W (Z/N-1)H,

Hence, (B.28) becomes

A T T T
E{xz/NVz} = (B 1~ VNS o W (/N-1HH,

T
- W/N) (S + S.P S )W(E/N)]Hz

[Pﬂ/N-l N N/N-1'N

T
= H .
Pty

84



1.

10.

11.

12.

13.

BIBLIOGRAPHY

T. W. Anderson, An Introduction to Multivariate Statistical

Analysis, Wiley, New York, 1958.

Michael Athans, Richard P. Wishner, and Anthony Bertolini,
"Suboptimal state estimation for continuous-time non-linear
systems from discrete noisy measurements," Trans. Joint
Automatic Control Conference, June, 1968, pp 364-382.

M. S. Bartlett, An Introduction to Stochastic Processes,
The University Press, Cambridge, England, 1960.

R. W. Bass, V.D. Norum, and L. Schwartz, "Optimal multichannel
non-linear filtering," Journal of Math. Analysis and Applications,

vol. 16, 1966, pp 152-164.

J. V. Breakwell, "Slightly non-linear estimation with noisy
data," Proc. of AIAA Guidance Control and Flight Mechanics
Conference, Princeton, N. J., August, 1969.

Arthur E. Bryson and Malcolm Frazier, "Smoothing for linear and
non-linear dynamic systems," Proc. Optimum Sys. Synthesis

Conference, U.S. Air Force Tech. Rept., ASD-TDR-63-119, Feb., 1963.

Arthur E. Bryson, Jr. andYu-Chi Ho, Applied Optimal Control,
Blaisdell Publishing, Waltham, Mass., 1969.

Bjorn Conrad, "The effect of small non-linearities on several
common state estimation schemes," Proc. of Symposium on Non-
linear Estimation Theory and its Applications, Sept., 1970,

pp. 263-265.

Andrew H. Jazwinski, "Nonlinear filtering with discrete observa-
tions," AIAA paper 66-38, presented at the AIAA 3rd Aerospace
Sciences Meeting, New York, Jan., 1966.

R. E. Kalman, "A new approach to filtering and prediction
problems," Trans. ASME J. Basic Engrg., ser. D, vol. 82, 1960,
p. 35.

R. E. Kalman and R. S. Busy, "New Results in linear filtering
and prediction theory," Trans. ASME J. Basic Engrg., ser. D.,
vol. 83, March, 1961, pp. 95-108.

J. S. Meditch, "Optimal Fixed-Point Continuous Linear Smoothing,'
Proc. of JACC, University of Pennsylvania, June, 1967.

Papoulis, Probability, Random Variables and Stochastic Processes,
McGraw-Hill Co., New York, 1965.

85



14.

15.

16.

17.

H. E. Rauch, F. Tung, and C. T. Strubel, "Maximum likelihood
estimates of linear dynamic systems," AIAA Journal, vol. 3, 1965,
p 1445.

L. Schwartz, ”Approximafé Continuous Non-linear Minimal-Variance
Filtering," UCLA Report 67-17, April, 1967.

C. K. Lee, Optimal Estimation, Identification, and Control, The
MIT Press, Cambridge, Mass., 1964.

P. Whittle, Prediction and Regulation by Linear Least Square Methods,

D. Van Nostrand Co., Princeton, N.J., 1963.

86



UNCLASSIFIED

Security Classification

=)
DOCUMENT CONTROL DATA-R&D
(Security classilication of title, body of abstract and indexing annotation must be entered when the overall report is classified)
1. ORIGINATING ACTIVITY (Corporate authot) 28, REPORT SECURITY CLASSIFICATION
Dept. of Aero and Astro UNCLASSIFIED
Stanford Univ., Stanford, Calif. 94305 2b. GROUP
3. REPORT TITLE
STATE ESTIMATION WITH SMALL NON-LINEARITIES
4. DESCRIPTIVE NOTES (Type of report and inclusive dates)
Technical Report
5. AUTHOR(S) (First name, middle initial, last name)
Bjdrn Conrad
8. REPORT DATE 7a. TOTAL NO. OF PAGES 7b. NO. OF REFS
March 1971 9% 17
sa. 33%1RACT OR76RAIZ‘T NO. 9a. ORIGINATOR'S REPORT NUMBER(S)
F 5-C-67-1245 &
F33013-C-¢7-1242 NASA NGR-05-020-019 SUDAAR No. 421
b, PROJECT NO.
<. Task 5102]_5 9b. OTHER REPORT NO(S) (Any other numbers that may be assigned
this report)
“ AFAL-TR-71- 222
10. DISTRIBUTION STATEMENT ]
!
Approved for public release; distribution unlimited. ﬂ
T SuRTLEMENTARY NoTES A¥ Avionics Lab(AFSC)| Code SG-NASA HDQS |
Wright-Patterson AFB|| Washington 25,D.C. :
Ohio 45433

13. ABSTRACT N
i

A variety of techniques are available for estimating the states of non-linear
dynamic systems from noisy data. These procedures are generally equivalent when applie%
to linear systems. This réeport investigates the difference between several of these !
procedures in the presence of small dynamic and observational non-linearities. %

Four discrete estimation algorithms are analyzed. The first is a strictly least %
square estimator, while the other three are recursive algorithms similar to the Kalman é
filter used for estimating the states of linear systems. The product of this research
is a group of analytic expressions for the mean and covariance of the error in each of
those estimators so that they may be compared without lengthy Monte-Carlo simulations,

The covariance expressions show that, to first order, all the estimators have the :
same covariance, Expressions for the means, however, show that each estimator has a 8
different bias. Several examples are carried out demonstrating that the relative mag- :
nitudes of the bias errors in the various estimators can be a strong function of such
parameters as initial covariances and number of data points being considered. 1In fact,
under some circumstances it appears that more complicated (seemingly superior)
algorithms can have larger biases than smaller ones,

DD 2v..1473 UNCLASSIFIED

Security Classification




UNCLASSIFIED

Security Classification

KEY WORDS

LINK A

LINK B

LINK C

ROLE wT

ROLE wT

ROLE wT

NOISY DATA

LINEAR SYSTEMS

DISCRETE ESTIMATION ALGORITHMS
LEAST SQUARE ESTIMATOR
RECURSIVE ALGORITHMS

KALMAN FILTER

ESTIMATOR

UNCLASSIFIED

Security Classification




